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1 Classical electromagnetism

In this problem we do some simple calculation on classical electrodynamics. The
action without source term is given by:

1
S=—7 /d4:z: E, Fr, with F,, = 9,4, — 9,A,. (1)

(a) Maxwell’s equations We now derive the equations of motion from the action.
Note that

OF,, OF,,

oA 585 — 6)0%, 24, =0
Then from the first equality we get:
_9_ (Fu F') = AR
I(OrAx)
Now substitute this into Euler-Lagrange equation, we have
0=0u(5ray) ~ o = 0" @

This is sometimes called the “second pair” Maxwell’s equations. The so-called “first
pair” comes directly from the definition of F},, = 0,4, — 0, A, and reads

a/\Fp,z/ + aﬂFI/)\ + auF,u)\ =0. (3)

The familiar electric and magnetic field strengths can be written as B! = —F% and

€7k Bk = _F  respectively. From this we deduce the Maxwell’s equations in terms of
E' and B*:

D'E' =0, €kgiBk — 9°E =0, €IkI EF = 0, O'B'=0. (4)
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(b) The energy-momentum tensor The energy-momentum tensor can be defined
to be the Néther current of the space-time translational symmetry. Under space-time
translation the vector A, transforms as,

SHAY = 9P A (5)

Thus or 1
T/,LV _ VA, — gt [ = 7F;L)\ v A R KF)\N'
78(8,“496 x—n"L 0" Ax + 1" Fax (6)

Obviously, this tensor is not symmetric. However, we can add an additional term 0y I **¥
to T with K being antisymmetric to its first two indices. It’s easy to see that this
term does not affect the conservation of T#*. Thus if we choose K = FFX A" then:

. 1
TR = TH 4+ O\KY = PP 4 o By (7)

Now this tensor is symmetric. It is called the Belinfante tensor in literature. We can
also rewrite it in terms of E* and B':

T — %(EE +B'BY, TO=1%=¢(ikEipk etc. (8)

2 The complex scalar field
The Lagrangian is given by:
L=0,0"0")p —m*¢"¢. 9)

(a) The conjugate momenta of ¢ and ¢*:

oc ., . oL .
m= — = (ZS s m = n = = .
9¢ d¢*

The canonical commutation relations:

[6(x), w(y)] = [¢" (%), 7" (¥)] = i6(x — ¥), (11)

The rest of commutators are all zero.
The Hamiltonian:

H= /d%: (g + 76" — L) = /d% (7*7 + Vo* - Vo +m?¢"¢). (12)

(b) Now we Fourier transform the field ¢ as:

dgp 1 —ip-x ip-x
o) = [ s g (0w + ) (13)
thus:
* _ d3p 1 —ip-x ip-xT
¢"() /(27r)3 3, (bpe " + ape™). (14)
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Feed all these into the Hamiltonian:

H= [ &2 (66 + 96" 96+ m?6"0)
d3q

e
(21)\/2B, (27)%\/2Eq

X [Equ (al,eip'm - bpe_ip'z) (aqe_iq'x - bgeiq'x>

+p- q(al,eip'r - bpefip'z> (aqe*iq'QE — bgeiq'z)
+ m? (aLeip'w + bpe*ip'z) (aqefiq"” + bLeiq"Tﬂ

d3q

o
(27)3\/2B, (27)°\/2Eq

X [(Equ +p-q+m?) (aLaqei(p_‘I)'x + bpb:fle—i(p—q)w)

_ (Equ + P-q— m2) (bqaqe—i(P"FQ)-m + a'}[‘)b;flei(p+q)»w):|

_/ d3p d3q
) (2n)3\/2E, (27)3./2E4
X [(Equ +p-q+m?) (aLaqei(Ep_Eq)t + bpbge_i(EP_E‘J)t) (27)%6%) (p — q)
— (BpEq+p - a— m?)(baaqe™ Pt Bt 4 alplciFo o)t ) (2)%5) (p + q)

E2 +p?+m?

S e L P W
/ 2Ep ( PP p P)
- / & Ep (alap + blbp + [bp. b1))- (15)

Note that the last term contributes an infinite constant. It is normally explained as the
vacuum energy. We simply drop it:

H= /d?’:r Ep(alap + blbp)- (16)

Where we have used the mass-shell condition: Ep = \/m? + p?. Hence we at once find
two sets of particles with the same mass m.

(c) The theory is invariant under the global transformation: ¢ — ¢, ¢* — e~ ¢*.
The corresponding conserved charge is:

Q=i [ &z (¢"¢—d"¢). (17)
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Rewrite this in terms of the creation and annihilation operators:

Q=1i[ dx(¢"¢— ¢*0)

d3q

. . d3p d3q —ip- ipz) O
— 3 ip-z T pipw —igx T olaz
”/d x/(gﬂ)sm(zw)swﬁzgq{(bpe +ape”) g (sae™ " 4 )
/ d3p
(2n)3\ /2B, (21)3\/2Eq
p(bpe—ip.m _ aLeip‘m) (aqe—iq~m + bl‘lequ):|

gt (b 6—1pw + a 1p :v) . (aqe—iq~x + b;fleiq-x>:|
- [ [E (bpe7 + ae ) (aqe — o)
- F
d3q

~fee T IE, (2O

+ (Eq + Ep) (aLaqei(pfq)'x - bpbgei(pq)'m)]

[(Eq - Ep) (bpaqe_i(p-‘rq)'r - aLbLei(;D+q)-m)

7/ d3p d3q
) (21)3\/2E, (27)3\/2Eq
x [(Eq — Bp) (bpaqe Bt B — bt FotEat)) (27)36 (%) (p + q)

+ (Eq + Ep) (ai,aqei(EP*E‘*)t — bpbjle*i(EP*Eq)t) (27r)35(3)(p —-q)

d3p
:/W 2F, (a ap — bpr)

3
= /éTZ;;a (a;[,ap - bpr)7 (18)

where the last equal sign holds up to an infinitely large constant term, as we did when
calculating the Hamiltonian in (b). Then the commutators follow straightforwardly:

[Q.a']=al, [Q,b]=-0b. (19)

We see that the particle a carries one unit of positive charge, and b carries one unit of
negative charge.

(d) Now we consider the case with two complex scalars of same mass. In this case the
Lagrangian is given by

L=0,0/0"d;, —m2®l®,, (20)

where ®; with ¢ = 1,2 is a two-component complex scalar. Then it is straightforward to
see that the Lagrangian is invariant under the U(2) transformation ®; — U;;j®; with Uy
a matrix in fundamental (self) representation of U(2) group. The U(2) group, locally
isomorphic to SU(2) x U(1), is generated by 4 independent generators 1 and 7%, with
7% Pauli matrices. Then 4 independent N6ther currents are associated, which are given
by

jH = — WA¢7’ — a(T@):‘)A@Z = _(8/1,@7,)(1@1) (8/14(1)7')( I(I)i)
a__ 0L ag _ 0L age_ 1
Tu =7 MA B 8(au¢>;-*)A i = =5 |Gu®D)7is s = (0, 20)7is ®; (21)
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The overall sign is chosen such that the particle carry positive charge, as will be seen in
the following. Then the corresponding Néther charges are given by

Q= —i/dgx (&7 ®; — @] D),
Q" = — %/d% [0 ()5 @5 — @7 (7)) (22)

Repeating the derivations above, we can also rewrite these charges in terms of creation
and annihilation operators, as

&p i
0= ] & i),

a 1 dgp T _a T _a
Q :5/ on) (aipTijaip —biprijbip). (23)

The generalization to n-component complex scalar is straightforward. In this case

we only need to replace the generators 7%/2 of SU(2) group to the generators t* in the
fundamental representation with commutation relation [t?, %] = ifabete.

Then we are ready to calculate the commutators among all these Nother charges and
the Hamiltonian. Firstly we show that all charges of the U(NN) group commute with the
Hamiltonian. For the U(1) generator, we have

d3p diq
[Q, H] = / 27)3 (2m)3 Eq {(ajpaip - b;rpbip)7 (a}qajq + b;quqﬂ

7/ d3p d¥¢q

—~
—~~

Eq (a:’rp [aip’ a;q}ajq + a;{q[ajp7 ajq]aip + (CL — b))

—~
—~

2m)3 (2m)3

d’p d’q
(2m)3 (2m) Eq (aj‘paiq - azT‘qaip + (a— b)) (2m)*6®) (p — q)

= 0. (24)

w

Similar calculation gives [Q%, H] = 0. Then we consider the commutation among internal
U(N) charges:

a b dsp dSq T 1a t 4a ) To4b
Q. Q"] = (2m)3 (21) |:(aiptijajp - biptijbjp)’ (akqtkéaéq - bkqtkebfq)}

d3p d3q t ,a b T .b La 35(3)
= (271-)3 (271_)3 (aiptijtjlalq - akqtketljajp + (a — b))(27‘r) ) (p—q)

s faoc d3p C (&
=if b / (27r)3 (a;‘rptijajp — b;rptijbjp>
_ ifachC, (25)

and similarly, [@Q, Q] = [Q*, Q] =0

3 The spacelike correlation function

We evaluate the correlation function of a scalar field at two points:
D(z —y) = (0l¢(z)d(y)|0), (26)

with  — y being spacelike. Since any spacelike interval x — y can be transformed to a
form such that 2° — 3° = 0, thus we will simply take:

2 —y°=0, and |x—-yP*=r*>0. (27)
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Now:

dBp 1 ; d3p 1 ;
Dz — ) = = ip(z—y) :/ ip(x—y)
(z—y) /( 27)3 2, € (2m)3 2 m2—|—p26

27
/ dcp/ dcos@/ dp glpreost
271' m2 + p

pelpr
2(27'(' A /m2 —+ p

Now we make the path deformation on p-complex plane, as is shown in Figure 2.3 in

(28)

Peskin & Schroeder. Then the integral becomes

1 o pe= P

Ky (mr). (29)

47'('27' m ,/p —m2 47'('27'

Dz —y) =



Solutions to Peskin & Schroeder
Chapter 3

Zhong-Zhi Xianyu*

Institute of Modern Physics and Center for High Energy Physics,
Tsinghua University, Beijing, 100084

Draft version: November 8, 2012

1 Lorentz group

The Lorentz group can be generated by its generators via exponential mappings.
The generators satisfy the following commutation relation:

T, 07 = (g P T — g — g I g ), (1)

(a) Let us redefine the generators as L' = €% Ji% (All Latin indices denote spatial
components), where L’ generate rotations, and K® generate boosts. The commutators
of them can be deduced straightforwardly to be:

(L, L7] = ie9F Lk, (K, K] = —ie"* Lk, (2)
If we further define J. = (L’ +iK"), then the commutators become

[JL,JL] =ik gk, [Ji, Tl = 0. (3)

Thus we see that the algebra of the Lorentz group is a direct sum of two identical algebra
su(2).

(b) It follows that we can classify the finite dimensional representations of the Lorentz
group by a pair (j4,j—), where j+ =0,1/2,1,3/2,2,-- are labels of irreducible repre-
sentations of SU(2).

We study two specific cases.

1. (3,0). Following the definition, we have J¢ represented by 4o and J° represented
by 0. This implies

L'=(J, +J.)= 10", K'=—i(J}, —J.)=—-10". (4)
Hence a field ¢ under this representation transforms as:

,(/} N efiGioi/2fniai/2¢. (5)

*E-mail: xianyuzhongzhi@gmail.com
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2. (%70). In this case, J} — 0, J& — %Ui. Then
L= (JL+J) = Lo, K'=—i(J, —J') = do" (6)
Hence a field ¥ under this representation transforms as:
W — 100240 2y, (7)

We see that a field under the representation (1,0) and (0, 1) are precisely the left-handed

spinor vy, and right-handed spinor ¥, respectively.

11
272
tation into a familiar form, we note that a left-handed spinor can also be rewritten as

(c) Let us consider the case of (3, 5). To put the field associated with this represen-

row, which transforms under the Lorentz transformation as:
Yio® — Ylo’(1+ $0°c" + tn'o). (8)
Then the field under the representation (3, 3) can be written as a tensor with spinor

indices:

Vigive vo -3 ©)

In what follows we will prove that V* is in fact a Lorentz vector.

_ VOoyrvs vi—iy?
Yryto? = V¥, = < )

A quantity V* is called a Lorentz vector, if it satisfies the following transformation

law:
VE— AL VY (10)
where A¥, = §F — %wp(,(J””)“V in its infinitesimal form. We further note that:
(T = (8507 — 0707)- (11)
and also, w;; = €;50%, wo;i = —wio = 7', then the combination V*5, = Vie’ + VO

transforms according to

Vgt (8 = Swmn (7™ ) V0 + (= Swon( 1) = swao ()", ) V00
_ (5;: Y [ 5;@5;))1/%%‘ + (= i (—i)(—6m)) Voo
:Viai _ eijkViHjak 4 V'Onio_i7
i i .
VO — VO + (* EwOn(Jon)ol‘ — 5&]710(:]“0)01') vt
=VO+ (—in'(i6M) Vi = VO +yivi
In total, we have

ViG, — (Ji — elkgigh 4 ni)Vi + (1 + 7't VY. (12)

If we can reach the same conclusion by treating the combination V#&, a matrix trans-

forming under the representation (%, 1), then our original statement will be proved. In

272
fact:
B i1 i1
VEG, — (1 — =07 + —n]aj)V“Uu(l + —0d’ + —77]03)
2 2 2 2
= <UZ + %9] [0, 0] + 577]{01, 03}) Vit (1+nah)VO
= (o' - cidk g ok )V (14 70"V, (13)

as expected. Hence we proved that V* is a Lorentz vector.
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2 The Gordon identity

In this problem we derive the Gordon identity,

A ulp) = a(p) (L2 TRy ) (1)

Let us start from the right hand side:

RHS. :%@(p/) ((p’“ +p") + o™ (pl, — pu))u(p)

:%a(p/) (n“”(p; +py) - é[v”m”](p’y - pu))“(p)
:%a(p’) (%{v“,v”}(p’y + ) — %[’Y’Lﬁy](plv - p”))“(p)
- %a(p’) (7”7“ + v“ﬁ)“(p) = a(p')y"u(p) = LHS,

where we have used the commutator and anti-commutators of gamma matrices, as well
as the Dirac equation.

3 The spinor products

In this problem, together with the Problems 5.3 and 5.6, we will develop a formalism
that can be used to calculating scattering amplitudes involving massless fermions or
vector particles. This method can profoundly simplify the calculations, especially in the
calculations of QCD. Here we will derive the basic fact that the spinor products can be
treated as the square root of the inner product of lightlike Lorentz vectors. Then, in
Problem 5.3 and 5.6, this relation will be put in use in calculating the amplitudes with
external spinors and external photons, respectively.

To begin with, let k5 and k%' be fixed four-vectors satisfying k3 = 0, k¥ = —1 and
ko - k1 = 0. With these two reference momenta, we define the following spinors:

1. Let urg be left-handed spinor with momentum ko;
2. Let URO = kluLo;

3. For any lightlike momentum p (p? = 0), define:

1 1
ur(p) = \/ﬁ?umv ur(p) = W}WLO- (15)

(a) We show that kyuro = 0 and pur(p) = pur(p) = 0 for any lightlike p. That is,
uRo is a massless spinor with momentum kg, and ur,(p), ur(p) are massless spinors with
momentum p. This is quite straightforward,

Fouro = Kokuro = (29" — v'v")kouk1vuro = 2ko - kruro — KiKouro = 0, (16)
and, by definition,

1 1
pur(p) = mm”“m = WP%RO =0. (17)

In the same way, we can show that pug(p) = 0.
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(b) Now we choose ko, = (E,0,0,—F) and ki, = (0,1,0,0). Then in the Weyl
representation, we have:

0 0 0 O
0 0 0 2F
Fouzo 28 0 0 o |"° (18)
0 0 0 O
Thus uzo can be chosen to be (0,v2E,0,0)7, and:
0 0 0 1 0
0 0 1 0 0
URO %1ULO 0 1.0 0 uro —\/ﬁ ( )
-1 0 0 0 0
Let Pu = (p07p17p27p3)7 then:
(») = ——
u = —pu
RUTE
0 0 Po+ps  p1—ip2
_ 1 0 0 p1+ip2 po—DPs3 wro
2E(po+ps) | po—ps —p1+ip2 0 0
—p1—1ip2  Po+P3 0 0
—(po + p3)
VPo + D3 0
0
In the same way, we get:
0
1 0
up(p) = —— ) 21
=(P) VDo +p3 | —p1 +ip2 (1)
Po + D3

(c) We construct explicitly the spinor product s(p, q) and ¢(p, q).

(1 +1p2)(q0 + g3) — (1 +ig2)(po + p3) | (22)
\/(po +p3)(q0 + q3) ’
(g1 — ig2)(po + p3) — ((pl — 1p2)(q0 + g3) (23)

\/(po +p3)(qo0 + g3) .

It can be easily seen that s(p,q) = —s(q,p) and t(p, q) = (s(q,p))*.
2

s(p,q) = ur(p)ur(q) =

t(p,q) = ur(p)ur(q) =

Now we calculate the quantity |s(p, q)

(p1(q0 + a3) — a1(po + p3))* + (pa(a0 + a3) — a2(po + p3))”
(po + p3)(qo0 + q3)

Po + 3
+ (i + @) ———
po + p3 (ar 2)ququo,

=2(pogo — P1q1 — P2q2 — P3q3) = 2p - q. (24)

s(p, q)|> =

2) q0 + g3

:(Pi + D3 —2(p1q1 + p2g2)

Where we have used the lightlike properties p? = ¢2 = 0. Thus we see that the spinor
product can be regarded as the square root of the 4-vector dot product for lightlike

vectors.
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4 Majorana fermions

(a) We at first study a two-component massive spinor x lying in (%, 0) representation,
transforming according to x — Up(A)x. It satisfies the following equation of motion:

"9, x — imo*x* = 0. (25)

To show this equation is indeed an admissible equation, we need to justify: 1) It is
relativistically covariant; 2) It is consistent with the mass-shell condition (namely the
Klein-Gordon equation).

To show the condition 1) is satisfied, we note that * is invariant under the simultane-
ous transformations of its Lorentz indices and spinor indices. That is A#,U(A)y*U(A™!) =
~#. This implies

AL UR(M)G UL (A™Y) = 6#,

as can be easily seen in chiral basis. Then, the combination 6#9,, transforms as 6#9,, —
Ur(A)a"9,UrL(A™1). As aresult, the first term of the equation of motion transforms as

160, x — iUR(AN)5"0, UL (A" UL(A)x = Ur(A)[i6"0,x]. (26)

To show the full equation of motion is covariant, we also need to show that the second
term io2x* transforms in the same way. To see this, we note that in the infinitesimal
form,
Up=1-i0'c"/2 —n'c"/2, Ur=1—i0'c"/2 +n'c"/2.
Then, under an infinitesimal Lorentz transformation, x transforms as:
X = (1—ib'ad'/2—n'c"2)x, = X' = 1+ibc’/2-1n'c"/2)x"

= o’ = (1 +i0(0") /2 —n'(0%) )2)x* = (1 —if'0" /2 +n'c"/2)0?
That is to say, 02x* is a right-handed spinor that transforms as o2x* — Ug(A)o?x*.
Thus we see the the two terms in the equation of motion transform in the same way

under the Lorentz transformation. In other words, this equation is Lorentz covariant.
To show the condition 2) also holds, we take the complex conjugation of the equation:

—i(6*)*0,x* — ima?x = 0.
Combining this and the original equation to eliminate x*, we get
(0 +m?)x =0, (27)

which has the same form with the Klein-Gordon equation.

(b) Now we show that the equation of motion above for the spinor x can be derived
from the following action through the variation principle:

S = /d49: {xTi& -O0x + %(x o’y — XTO'QX*)] (28)
Firstly, let us check that this action is real, namely S* = S. In fact,

S* = /d41’ |:XT16* . 8X* _ T(XTOjX* XTO_QX)]



Notes by Zhong-Zhi Xianyu Solution to P&S, Chapter 3 (draft version)

The first term can be rearranged as
xTig* - ox* = —(xTig* - 9x")T = —(0x") -i5x = x'iG - dx + total derivative.
Thus we see that S* = §.

Now we vary the action with respect to x, that gives

55 . im 2.k __

which is exactly the Majorana equation.

(c¢) Let us rewrite the Dirac Lagrangian in terms of two-component spinors:

£=9Gd —m)p

0 1 —-m  io*0, X
T T2 H 1
(Xl 27 ) (1 O) (ia“@u -m ) <102x§>

= ix]3"9ux1 + ix2 7 0uxs — im (x5 o x1 — x|o?x3)

= ix{6"9.x1 + ix55"0ux2 — im(x3 o%x1 — x1o?x3), (30)

where the equality should be understood to hold up to a total derivative term.

(d) The familiar global U(1) symmetry of the Dirac Lagrangian ¢ — e!“) now be-

comes Y1 — €%x1, X2 = € ®ya. The associated Néther current is

Tt = gy = x{atx — xbot xa. (31)
To show its divergence 0, J" vanishes, we make use of the equations of motion:
ic"0ux1 — imaz)(; =0,
i5"0,x2 — imo?x; =0,
i(9ux])a" —imx3 o =0,
i(auxg)é“ —imxTo? = 0.

Then we have
0" = (9ux})F"x1 + X15"0ux1 — (0ux})F" x2 — X36"Duxz
= m(x3o*x1 + x1o?xs — x1o%x2 — xbo?x}) = 0. (32)

In a similar way, one can also show that the Nother currents associated with the global
symmetries of Majorana fields have vanishing divergence.

(e) To quantize the Majorana theory, we introduce the canonical anticommutation
relation,

{Xa (), X} ()} = 0,0®) (x — ),
and also expand the Majorana field x into modes. To motivate the mode expansion, we
note that the Majorana Langrangian can be obtained by replacing the spinor xs in the
Dirac Lagrangian (30) with y;. Then, according to our experience in Dirac theory, it
can be found that

x@) = | (;i;)’,/];;Z [€atalple ™ + (ioP)gzalp)e? ] (33)
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Then with the canonical anticommutation relation above, we can find the anticommu-
tators between annihilation and creation operators:

{aa(P).a}(@)} = 06D (P —q),  {au(p),av(q)} = {al(p).aj(q)} =0.  (34)

On the other hand, the Hamiltonian of the theory can be obtained by Legendre trans-
forming the Lagrangian:

H = /d3 (5 — E) = /d% {iXTmVXJr %(XTUQX* —xTo x)} (35)

Then we can also represent the Hamiltonian H in terms of modes:

dgpdg —ip-x . iDx
e / o / 2m)6\/2E,2E, 2= {(53“3(1’)@ P 4 ¢ (10%)aq (p)e™)

X (W)T(_q . U)W(f“%(q)eiq'x o (—10'2>f;a2: <q)e—iq~x)
+ - (€hal (p)e P> + €] (0% au (p)e ™)
x (Vo) o (Vi o) (Gl (@e ™0 + (~io®)gyay (a)e't)

- (Faule™ + Lol (p)e )
x (Vp-o)o®\aga (fbab(q)eiqx + (—102)§;ag(q)e—iq-x)]
:/d%/ 27)6 diﬁ;l;ﬁz{ {(\/ﬁ) (~qa-0)Vgo

o) (T E) (io?) - “;ao%(m)wm} e 0=
- W) Ca- Tt + () o T
- O o) e
(10 (V5D (~a )T + G0 () (VT (i)
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i

N N
+ 0Pl PIE] | - (10)(V570) (b 0)Fo(-i0) + 5 (2) (5 0) o (V)"

N e
3
[ e %(E,% £ 1P + m?) [al (P)ar(p)EL& — au(p)a (P)ELE
P oab

- [ oL > [ {(P)as(p) ~ au(p)al(p)]

/ Pt pza (36)

In the calculation above, each step goes as follows in turn: (1) Substituting the mode

expansion for x into the Hamiltonian. (2) Collecting the terms into four groups, charac-
terized by a'a, a'a’, aa and aa'. (3) Integrating over d3z to produce a delta function,
with which one can further finish the integration over d3q. (4) Using the following
relations to simplify the spinor matrices:

(p-o)=@ o) =E+ppf (o)po)=p’=m’ po=gpa—p o)
In this step, the afa’ and aa terms vanish, while the aa’ and a'a terms remain. (5)
Using the normalization £1&, = d4p to eliminate spinors. (6) Using the anticommutator
{aqa(p),al(p)} = 6©)(0) to further simplify the expression. In this step we have throw
away a constant term ——E 6(3)( ) in the integrand. The minus sign of this term
indicates that the vacuum energy contributed by Majorana field is negative. With these
steps done, we find the desired result, as shown above.

5 Supersymmetry

(a) In this problem we briefly study the Wess-Zumino model. Maybe it is the simplest
supersymmetric model in 4 dimensional spacetime. Firstly let us consider the massless
case, in which the Lagrangian is given by

L=03,6"0"¢+x"ig"d,x + F*F, (37)

where ¢ is a complex scalar field, x is a Weyl fermion, and F is a complex auxiliary
scalar field. By auxiliary we mean a field with no kinetic term in the Lagrangian and
thus it does not propagate, or equivalently, it has no particle excitation. However, in
the following, we will see that it is crucial to maintain the off-shell supersymmtry of the
theory.

The supersymmetry transformation in its infinitesimal form is given by:

8¢ = —ielo%y, (38a)
5x = eF + a"(9,0)0% ", (38b)
§F = —ie'a"9,x, (38¢)

where € is a 2-component Grassmann variable. Now let us show that the Lagrangian
is invariant (up to a total divergence) under this supersymmetric transformation. This
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can be checked term by term, as follows:
5(0,0" 0" ¢) = 1(9ux 0%e*) 0" + (9,0") (— i€ 0?0"x),
S(xTi6"0,x) = (F*e" + €"0%0"0,¢*)io" 0, x + x'ig" (€0, F + 0¥0°€*9,0,0)
= iF*eT625‘“X +1i0, [GTU2J”5“(&,¢>*)X] — ieTUQUV(?“(&,aﬂ(b*)X
+ iXTﬁﬂeﬁuF + iXT6“0”026*3M8,,¢
= iF*e'3%0,x + 10, [6T020”6“(8,,¢*)X] —ielo?(0%¢*)x
+ixta"ed, F +ixTo?e 0?6,
§(F*F) = i(0,x")o"eF — iF*e'a”0,x,
where we have used 5/¢”9,0, = 8*. Now summing the three terms above, we get:
0L =10, |:XT026*8M¢) +xTa"eF + ¢* el o? (ct0¥o, — 8“))(] , (39)

which is indeed a total derivative.

b) Now let us add the mass term in to the original massless Lagrangian:
g grang
AL = (md)F + %imxTazx) + c.c. (40)

Let us show that this mass term is also invariant under the supersymmetry transforma-
tion, up to a total derivative:
S(AL) = — imeT o*xF — imge "0, x + Sim[e" F + €' (a®)T (0) T 9, ¢)o?x
+ timx" o*[eF + 0" (9, h)0”€*] + c.c.
=— %imF(€TU2X —xFo%e) — imepe' a0, x
— %im(aﬂqﬁ)efc_r“x + Lim(9,0)x" (6") € + c.c.
=—LimF(e" oy — x"o%€) — imd), (¢efay)
+ +im(8,9) [€a"x +xT(6)Te*] + c.c
= — imd,(¢e'a"x) + c.c (41)

where we have used the following relations:
(0T = —02,  o2(eMTo? =", €To’yx=xTo%, €aty=—xT(E")Te.
Now let us write down the Lagrangian with the mass term:
L=0,0"0"d+ XTiﬁ‘”@MX + F*F + (m¢F + %imxTUQX + c.c.). (42)
Varying the Lagrangian with respect to F™*, we get the corresponding equation of motion:
F = —mg*. (43)

Substitute this algebraic equation back into the Lagrangian to eliminate the field F', we
get
L=0,0"0"¢ —m?¢*¢ + x'i6"9,x + % (imx" o’x + c.c.). (44)

Thus we see that the scalar field ¢ and the spinor field x have the same mass.
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(c) We can also include interactions into this model. Generally, we can write a La-
grangian with nontrivial interactions containing fields ¢;, x; and F; (i =1,--- ,n), as

oWl | i PW[d]

— T2y .
96, 2 0gg, VTNt ()

L=20,0;0"¢; +x110"8#x1 + F'F; + [F

where W{¢] is an arbitrary function of ¢;.
To see this Lagrangian is supersymmetry invariant, we only need to check the inter-
actions terms in the square bracket:

oWl i O*Wlg)
dpi 2 9¢;00;
aw EW g, i W

96 g8, ¢ T X)) T 3 55.56,00,

|:(€TFZ' +€f ()T (6") T 0udi) o x; + X7 o* (eFy + a“@ugbjaQe*)} +c.c..

1) {Fi xiToerj + c.c}

(fieTazxk)XiTJQXj

— —iclo (@00
i 0°W
+ —_
2 0¢i09¢;
The term proportional to 93W/0¢? vanishes. To see this, we note that the partial deriva-

tives with respect to ¢; are commutable, hence 9*W/0¢;0¢;0¢y, is totally symmetric
on i, j, k. However, we also have the following identity:

(" o?xi) (X7 0°x5) + (7 0”xa) (] 0% xi) + (€70 x;) (xi o2 xi) = 0, (46)
which can be directly checked by brute force. Then it can be easily seen that the
03W/0¢3 term vanishes indeed. On the other hand, the terms containing F' also sum
to zero, which is also straightforward to justify. Hence the terms left now are

ow O*WwW
A Y7 ) ; (52T (T N2y
0" (D) G + 10 (01 (0 (0u00)0%
15174
H el 51 SH .
— 10, (ea Xi aqsi)—i—leoxla(bza% Oudj — 5@3% U(Bugbz)xj
ow
=M
—1i0 (e o Xliagbi ), (47)

which is a total derivative. Thus we conclude that the Lagrangian (45) is supersymmet-
rically invariant up to a total derivative.

Let us end up with a explicit example, in which we choose n = 1 and W[¢] = g¢3/3.
Then the Lagrangian (45) becomes

L= 0,0"0"¢+ X ig"d,x + F*F + (gF¢2 +idnTo%y + c.c.). (48)
We can eliminate F' by solving it from its field equation,
F+g(¢*)*=0. (49)
Substituting this back into the Lagrangian, we get
L =0,0"0"¢ +x"ig"dx — g*(¢*0)* +ig(ox" o’ x — ¢*x'o?X"). (50)

This is a Lagrangian of massless complex scalar and a Weyl spinor, with ¢* and Yukawa
interactions. The field equations can be easily got from by variations.

10
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6 Fierz transformations

In this problem, we derive the generalized Fierz transformation, with which one can
express (11 uy) (13T Puy) as a linear combination of (w;1'%uy)(tsI'Puy), where I'! is
any normalized Dirac matrices from the following set:

{1y 0" = $[v" 777" A° = =iy )
(a) The Dirac matrices I'* are normalized according to
tr (DATP) = 4648, (51)

For instance, the unit element 1 is already normalized, since tr(1-1) = 4. For Dirac
matrices containing one *, we calculate the trace in Weyl representation without loss
of generality. Then the representation of

0 ot
H —

gives tr (y#y*) = 2tr (6#5#) (no sum on p). For u = 0, we have tr (v°7°) = 2tr (1ax2) =
4, and for yp =i =1,2,3, we have tr(yiy%) = —2tr (¢%0?) = —2tr (lax2) = —4 (no sum
on i). Thus the normalized gamma matrices are 4° and iv".

In the same way, we can work out the rest of the normalized Dirac matrices, as:

tr (6%0%) = —2tr (0'0") = —4, (no sum on )

tr (0¥o') = 2tr (oc¥o*) = 4, (no sum on ¢, j, k)
tr (v°7°) = 4,

tr (177°9°%) = —4, tr (v9y'y%y") = 4.

Thus the 16 normalized elements are:
{1,7°% iy, i, 0, 7%, ir°9% 7%y }. (52)
(b) Now we derive the desired Fierz identity, which can be written as:

(ﬁerUQ u3F Ugq) ZCAB (a7 u4)(U3FDU2) (53)

Left-multiplying the equality by (@l us) (I Fuy), we get:

(2D ug) @yl Pun ) (1 D) (3T Pug) = > CAPop tr (PPT9) 1 (DFTP). (54)
CD

The left hand side:
(T F us) (asT Fur ) (a1 T Aug) (asT Puy) = ayDPTATI T Buy = tr (PETATETB);
the right hand side:

> CAPeptr (PPT) tr (PFTP) = )~ 0P pdasPo46"P = 16045 g
C,D C,D

thus we conclude:
CABop = & tr (CTATPTP). (55)

11
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(¢) Now we derive two Fierz identities as particular cases of the results above. The
first one is: b
tr (I'~T
(us) (ug) = Y Q(alr%@(agr%g. (56)
16
C,D
The traces on the right hand side do not vanish only when C' = D, thus we get:
(1_1,1UQ)(1_1,3U4) = Z %(ﬂlfcu@(ﬁgfcug)
c

=T [(ﬂlu4)(ﬂ3u2) + (17" ua) (Ugypuz) + 5 (010" us) (430, u2)
— (YY" ug) (g yuu2) + (ﬂwsm)(ﬂsvsuz)] (57)

The second example is:

(a1y"uz) (Uzy,us) = Z

C,D

tr (FC’WI‘DV“)

16 (ﬂ1FCU4)(ﬂ3FDUQ). (58)

Again, the traces vanish if T¢y* # C o I'Py* with C' a commuting number, which
implies that ' = I'P. That is,
_ _ tr (DCyHTC _ _
(a1 u2) (asyuug) = (T ) (@17 uy) (G3Tus)
16
c

= L[4 (@5u2) — 207" ws) (E7002)

— 2(a17° " us) (@37 ypu2) — 4(617%4)(@375“2)}- (59)

We note that the normalization of Dirac matrices has been properly taken into account
by raising or lowering of Lorentz indices.

7 The discrete symmetries P, C and T
(a) In this problem, we will work out the C, P and T transformations of the bilinear
Yoty with ot = L[y*,4¥]. Firstly,
P(t,x)a" p(t,x)P = 59(t, —x)7° (4", 7717 (¢, —x).
With the relations 1°[7°,7']7° = =[1%,~] and 71°[7*, 777" = [, 97], we get:

, _ { ~ (t, ~x)0 ()

Py(t,x)o"*Y(t,x)P _ ) 60
L L T (60)

Secondly,

To(t,x)o" (t, x)T = — 59 (—t, %) (=" ) 7" 2] (V') (-, ).
Note that gamma matrices keep invariant under transposition, except v2, which changes
the sign. Thus we have:

_ 0i '
e N o
Thirdly,
CY(t,x)a" Pt x)C = —5 (=17°7* ) o (=i **) T = 22 ()T 2.
Note that 4° and +? are symmetric while v! and 7 are antisymmetric, we have
Co(t, x)o" 1 (t,x)C = = (t, x)o" ) (t, x). (62)

12
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(b) Now we work out the C, P and T transformation properties of a scalar field ¢.
Our starting point is

PapP =a_p, TapT = a_p, CapC = bp.

Then, for a complex scalar field

o(z) = / k1 [ake*ik'ublteik'z}, (63)

we have

Po(t,x)P = / @k 1 [a_em itk | pt kei<’€°t*k*>} = é(t, —x) (64a)
b (27T)3 2k0 L — — ) .
To(t,x)T :/ d3k 1 _a kei(kot—kx) + b e—i(kot—k.x)} _ ¢(—t x) (64Db)
’ (2m)3 VKo L ™ K o
Bk 1

Co(t,x)C :/

_bke—i(kot—k~x) +aLei(k0t—k~x)i| _ ¢*(t,x) (64(3)

(2r)? V2o |

As a consequence, we can deduce the C, P, and T transformation properties of the
current J* =i(¢*0t¢p — (8"¢*)¢), as follows:

PJM(t,x)P = (=1)*Wi[¢*(t, —x) 0" (t, —x) — (99" (t, —x)) (L, —x)]
= (_1)S(M)Ju(tv _X)v (653)

where s(u) is the label for space-time indices that equals to 0 when p = 0 and 1 when
p=1,23. In the similar way, we have

TJH(t,x)T = (1) J*(—t,x); (65b)
CJIH(t,x)C = —JH(t,x). (65¢)

One should be careful when playing with 7" — it is antihermitian rather than hermitian,
and anticommutes, rather than commutes, with v/—1.

(c¢) Any Lorentz-scalar hermitian local operator O(x) constructed from ¢ (x) and ¢(x)
can be decomposed into groups, each of which is a Lorentz-tensor hermitian operator and
contains either ¢)(z) or ¢(z) only. Thus to prove that O(z) is an operator of CPT = +1,
it is enough to show that all Lorentz-tensor hermitian operators constructed from either
P (x) or ¢(x) have correct CPT value. For operators constructed from (), this has been
done as listed in Table on Page 71 of Peskin & Schroeder; and for operators constructed
from ¢(x), we note that all such operators can be decomposed further into a product
(including Lorentz inner product) of operators of the form

(8#«1 T aum¢T)(8u1 U aﬂn¢) +c.c

together with the metric tensor n*”. But it is easy to show that any operator of this
form has the correct CPT value, namely, has the same C' PT value as a Lorentz tensor
of rank (m-+mn). Therefore we conclude that any Lorentz-scalar hermitian local operator
constructed from ¢ and ¢ has CPT = +1.

13
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8 Bound states

(a) A positronium bound state with orbital angular momentum L and total spin S
can be build by linear superposition of an electron state and a positron state, with the
spatial wave function Wy, (k) as the amplitude. Symbolically we have

L, S) ~ Z\PL $)bf (—k, s)]0).

Then, apply the space-inversion operator P, we get

PIL,S) => W (-k)namal (—k, s)bf (k, 5')|0) = naan\I}L b'(k, 5)|0).
k (66)
Note that n, = —;, we conclude that P|L,S) = (—)%*!|L,S). Similarly,
C|L,S) = Z\I/L K)b'(k, s)af(—k, s)[0) = L”Z\IJL k, s')a' (k, 5)|0).
(67)

That is, C|L,S) = (—=1)XT9|L,S). Then its easy to find the P and C eigenvalues of
various states, listed as follows:

SL|'s 3s 'p 3p D 3D
Pl- - + + - -
Cl+ - - + + -

(b) We know that a photon has parity eigenvalue —1 and C-eigenvalue —1. Thus we
see that the decay into 2 photons are allowed for 1S state but forbidden for 39 state
due to C-violation. That is, S has to decay into at least 3 photons.

14
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1 Scalar field with a classical source

In this problem we consider the theory with the following Hamiltonian:
H= HO - /d3j(t,X)¢($), (1)
where Hj is the Hamiltonian for free Klein-Gordon field ¢, and j is a classical source.

(a) Let us calculate the probability that the source creates no particles. Obviously,

the corresponding amplitude is given by the inner product of the needed in-state and

the out-state. In our case, both in- and out-state are vacuum state. Thus:

>=  lim  |(0]e~2"|0)[?
t—(1—ie)oo

=[tolmesp { ﬂ'/d‘*:mim}|o>f =[O/ exp {i/d4xj(x)¢1(x)}|o>]

P(0) =]ou (0/0)s
T

(b) Now we expand this probability P(0) to j2. The amplitude reads:

T ep{i [ dajaora)}io) =1 - 5 [ dadtyi@01T6rw)on)0)iw) + 0

3
=1- %/dzixd‘*yj(x)j(y)/ (;WZ;Q, % + 0"
3 ~
“1- 5 [ G iR +0u"). 3)
Thus: 1
P0) = [1- 5 A+ 0 =12+ 0("). (@)
where: & .
3= [ g o )

*E-mail: xianyuzhongzhi@gmail.com
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(c) We can calculate the probability P(0) exactly, to perform this, we calculate the
j2" term of the expansion:

= / Aoy - d oo (@) - j(2an) 01T (1) - - - daran)|0)

(2n)!

_?"(2n — 1)((222)!— 3)---3-1 /d%l eedigan (21 - (o)
/ d3p1 . d3pn 1 eiP1(X1=X2) ||| ;iPn-(X2n—1—X2n)
(2m)3n 2MEp, - Ep,

= Bp i)\ (=A/2)?

~ 2l (/ (2m)3 2E, ) T (6)
Thus: -
P(0) = (Z 7(*2/'2) ) =e . (7)
n=0 :

(d) Now we calculate the probability that the source creates one particle with mo-
mentum k. This time, we have:

P(t) = |7 exp {i [ dtaja)on (@)} o) 3)
Expanding the amplitude to the first order in j, we get:

dBp €

P(k):’(k|0>+i/d4xj(x)/(2703\/2_(k|aT 10) + O(%)

| / - \}ﬁ\/ﬁ —0)[ = [ik)P +0G°). (9)

If we go on to work out all the terms, we will get:

‘ 2

27’L+1 2n+1)(2n71)31~n+1 2_ ~ 2 7‘5(]9)'
\z Tt FEm| = 1P 0)

(e) To calculate the probability that the source creates n particles, we write down the
relevant amplitude:

/ (271_)3(13%2;;5;1?]?7 % (ky -k, |T exp {z/d zj(x)pr(z }|0> (11)

Expanding this amplitude in terms of j, we find that the first nonvanishing term is
the one of n’th order in j. Repeat the similar calculations above, we can find that the
amplitude is:

F/ ! d4z1 .d* T g1 Jnlks - Kpld1 - dn|0) + O(]n+2)

(27T)3"\/2"Ek1 .- -Ek
it [ &k d3kna )" i(p)I?
/ 2ﬂ- 3n /2nEk Z 2nn| (/ 277)3 2Ep ) (12)

Then we see the probability is given by:

which is a Poisson distribution.
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(f) It’s quite easy to check that the Poisson distribution P(n) satisfies the following

identities:
> P(n)=1. (14)

N)=Y nP(n) =\ (15)

The first one is almost trivial, and the second one can be obtained by acting )\dd—A on
both sides of the first identity. If we apply )\% again on the second identity, we get:

(N = (N))?) = (N?) = (N)* = \. (16)

2 Decay of a scalar particle
This problem is based on the following Lagrangian:

1 1 1 1
= 5(3;@)2 - gMQ‘I)Q + 5(3;@)2 - §m2¢2 — pPgo. (17)

When M > 2m, a ® particle can decay into two ¢ particles. We want to calculate the
lifetime of the ® particle to lowest order in u.
According to the eqn (4.86) on P.107, the decay rate is given by:

3, 43
/dF T oM / = 21d = : |M(2(0) - ¢(p1)¢(]72))’2(27r)45(4)(pq> —p1 — pa).

7T 4E‘Pl EPQ
(18)
To lowest order in pu, the amplitude M is given by:
IM = =2ipu. (19)
The delta function in our case reads:
5@ (pg — p1 — p2) = 6(M — Ep, — Ep,)6® (p1 + p2), (20)
thus:
1 242 d3p,d3 1
r=—. = DLl (27)*0(M — Ep, — Ep,)0® (p1 +p2),  (21)

2 M (27)8  4Ep, Ep,

where an additional factor of 1/2 takes account of two identical ¢’s in final state. Fur-
thermore, there are two mass-shell constraints:

m? + p; = E3, i=1,2. (22)
Hence: 5 ) 2.1
d°p; 1 o 4m=\1/2

S(M —2E,, ) = 1 (1 — ) . 23

M / 27)? 452, (2m)a( p) = 37 M2 (23)

Then the lifetime 7 of ® is:

r=r"1

3 Linear sigma model

In this problem, we study the linear sigma model, provided by the following La-
grangian:

L=10,20"D" — Tm*®'®" — LA('D")*. (25)

Where @ is a N-component scalar.
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(a) We firstly compute the following differential cross sections to the leading order in
A
o(®'0? - '0?), o('P! - 9?P?), (0P — Pl

Since the masses of all incoming and outgoing particles are identical, the cross section
is simply given by

d 2
(52) con = o (20)
dQ/com  64n2s
where s is the square of COM energy, and M is the scattering amplitude. With the
help of Feynman rules, it’s quite easy to get

M(D'D? — d10?) = M(D'D! — B2D?) = —2i);
M(@'P — d1oY) = —6i). (27)

Immediately, we get

)\2
o(®'®? - 'd?) = o M(D'D! - 2% = ;
16725
o(®'o! - o'et) = N (28)
16m2s’

(b) Now we study the symmetry broken case, that is, m? = —u? < 0. Then, the scalar
multiplet ® can be parameterized as

q):(ﬂ-lv"' 77TN7150—+/U)T7 (29)

where v is the VEV of |®|, and equals to y/p? /) at tree level.
Substitute this into the Lagrangian, we get
L= 10,7+ L(0.0)? - L(2p*)0* - Vo — VaporFa®
A

— 20t — 2% (nFak) — 2 (rFak)2. (30)

Then it’s easy to read the Feynman rules from this expression:

k i
= m; (31a)
k 167
_______ = 5 (31b)
/\ = 6i\v; (31c)
L = —2i\wd"; (31d)
ie” N
= —6i) (31e)
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<

. — 2iA5%; (31)
e N
z’/ \j
AN ,J
N ,/ .. . . . .
><C =~ 2IN(0V6M 4 g I 4 §oTk), (31g)
e// Y

(¢) With the Feynman rules derived in (b), we can compute the amplitude
M7 (p1)7 (p2) — 7% (p3) 7t (pa)],
as:
M= (—2i)\v)2 [;5”5’“5 + ;5%5]’@ + Léiféjk}
s —2u? t—2u? u — 22
o 21)\(51]5162 + 5ik5jl + 5i25jk)7 (32)

where s, t,u are Mandelstam variables (See Section 5.4). Then, at the threshold p; = 0,
we have s = ¢t = u = 0, and M vanishes.
On the other hand, if N = 2, then there is only one component in 7, thus the
amplitude reduces to
2,LL2 2,LL2 2,LL2
— 2'A[
M ! 5—2u2+t—2,u2+u—2u2

_ m[”;% +o6").

+3
(33)

In the second line we perform the Taylor expansion on s,t and u, which are of order
O(p?). Note that s+t + u = 4m?2 = 0, thus we see that O(p?) terms are also canceled
out.

(d) We minimize the potential with a small symmetry breaking term:
V=20 + 4 (2'9)? — a®”, (34)
which yields the following equation that determines the VEV:
(—p® +20'0") 0" = as™. (35)
Thus, up to linear order in a, the VEV (®%) = (0,---,0,v) is

2
— 4
V= + TR (36)

Now we repeat the derivation in (b) with this new VEV, and write the Lagrangian in
terms of new field variable 7¢ and o, as
L= %(a,m’“)Q + %(8H0)2 — %—\/5“ mhak — %(2;12)02

—Mo? — dorFrh — ot — Lo? (rFah) — 3 (nFak)2. (37)
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The 7'm) — 7F7¢ amplitude is still given by

— (_9; i kl i ik g4 i il ik
M= ( 21)\0)[ _2255 715_2#25 e YA ]
— 20N(65RE 4 §iR§IC 4 siEsIRY, (38)

However this amplitude does not vanishes at the threshold. Since the vertices A # v/ Au
exactly even at tree level, and also s, t and u are not exactly zero in this case due to
nonzero mass of 7°. Both deviations are proportional to a, thus we conclude that the
amplitude M is also proportional to a.

4 Rutherford scattering

The Rutherford scattering is the scattering of an election by the coulomb field of a
nucleus. In this problem, we calculate the cross section by treating the electromagnetic
field as a given classical potential A, (x). Then the interaction Hamiltonian is:

H = / Pz ey P A, (39)
(a) We first calculate the T-matrix to lowest order. In fact:
ot 9P =/ [Texpl(—1 [ d% Hp)lp) = (/1) ~ ie [ 4% 4, (0)0 39" lp) + O(e?)
=(p|p) — ie/d4ac AM(x)ﬁ(p’)v“u(p)ei(pl_p)‘m +0(e?)
=2m)*6@W (p — p') —ieu(p )y u(p)Au(p' — p) + O(e?) (40)
But on the other hand,

out (P'[P)in = (P'1SIp) = (¥'|p) + (V' |iT|p). (41)

Thus to the first order of e, we get:
(p'liT|p) = —iea(p' )y u(p) A (v — p). (42)

(b) Now we calculate the cross section do in terms of the matrix elements i M.
The incident wave packet |1) is defined to be:

3 efib-k
9 = [ Gk, (43)

where b is the impact parameter.
The probability that a scattered electron will be found within an infinitesimal element
d3p centered at p is:

dp 1 2

:Wﬁ out<P|1/1>in
d3kd3k! . _ N\ —ibe(k—K)
27r 3 2E, / 2m)6 2Ek2Ek'w(k)w (k )(Om<p|k>m) (Om<p|k>m) ‘
d3p d3kd3k’ iy . i) —ib-(k—k')
G | I A CEAD G e
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In the last equality we have excluded the trivial scattering part from the S-matrix. Note
that:
(p'liT|p) = iM(2m)6(Ep — Ep), (45)

we have:

d3kd3k’ , —ib-(k—k')
WQE / st o 0OV O NiMI (27)0( By Ei)3 By~ B )e

V2E2Ey
(46)
The cross section do is given by:
do = / d*b P(b), (47)
thus the integration over b gives a delta function:
/ d%be ™ K) — (27)26@) (k. —K/). (48)
The other two delta functions in the integrand can be modified as follows:
_ Eyx /
0(Ex — Ew) = R ——0(k) — ”) 5(k|| — kH), (49)

where we have used |v| = v = v)|. Taking all these delta functions into account, we get:

3 3

Since the momentum of the wave packet should be localized around its central value,
we can pull out the quantities involving energy Ex outside the integral:

B dBp 1 1 1 9 d3k .
Recall the normalization of the wave packet:
a3k .
/Wl/f(k) Y(k) =1, (52)
then: &
1 1 1
£ MK = p)[2(2m)3(Ep — Bx). (53)

T (2m)3 2B, 2By v

We can further integrate over |p| to get the differential cross section do/dQ:

do dpp? 1 1 1 9
dQ / (2m)3 2Ep 2By v Mk = p)"(2m)3(Ep )

C[dpp® 1 1 1 , B
_/WEE;WU“—W)I (2m)—0(p — k)

1
=——|M(k,0)]*. 54
o MO0) (54)
In the last line we work out the integral by virtue of delta function, which constrains the
outgoing momentum |p| = |k| but leave the angle 6 between p and k arbitrary. Thus
the amplitude M (k, ) is a function of momentum |k| and angle 6.
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(c) We work directly for the relativistic case. Firstly the Coulomb potential AY =

Ze/4nr in momentum space is

Ze

A%q) = —. 55

(a) PE (55)

This can be easily worked out by Fourier transformation, with a “regulator” e™™" in-
serted:

; Ze Ze
AO = dS —ipx_—mr — . 56
(q,m) / Te e yp— 7|q|2 e (56)

This is simply Yukawa potential, and Coulomb potential is a limiting case when m — 0.
The amplitude is given by

iM(k,0) = ieu(p)y*Au(q)u(p)  withq=p—k (57)

Then we have the module square of amplitude with initial spin averaged and final spin
summed (See §5.1 of Peskin & Schroeder for details), as

T D Mk, 0))> =%’ Au(a) AL (q) > alp)y"u(k)a(k)y u(p)

spin spin
=LA, (q) A, (q) tr [y (p + m)y" (F+m)]
=2¢*[2(p- A)(k - A) + (m* — (k- p)) A?]. (58)
Note that 7 P
1210 _ (&4 _ (& : 59
V= o7 T I 02) o
thus , 4( , 9)
Z 1 — v2sin
L iM(k,0)? 2/ 60
2 Z MO = = ez snt(0)2) (60)
spin
and
do Z%0%(1 —v?sin® £) (61)
a0 - 4|k 202 sin?(6/2)
In non-relativistic case, this formula reduces to
do Z%a?
(62)

dQ "~ am2t sin(0/2)
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1 Coulomb scattering

In this problem we continue our study of the Coulomb scattering in Problem 4.4.
Here we consider the relativistic case. Let’s first recall some main points considered
before. The Coulomb potential A = Ze/47r in momentum space is

Ze

Aq) = —. 1
(q) PE (1)

Then the scattering amplitude is given by
iM(k,0) = iea(p)y* A (a)u(p) with g = p — k. (2)

Then we can derive the squared amplitude with initial spin averaged and final spin
summed, as:

1 . ]- 1 1 — — v
5 2 NME O = S A (@A (@) Y alp)y ulk)a(k)y”u(p)
spin spin
1 - -
= S A, (@A (@) tr [y (p+m)y” (f +m)]
= 2¢2[2(p- A) (k- A) + (m? — (k- p)) 42]. 3)
Note that 7 7
Aq) = —°_ = c 4
D= kP T /) ()
thus 2e4 25in? £)
1 Z<e*(1 —v*sin” &
— iM(k,0)|? = 2 5
2 ; M, 0)] Ak|4v?sin®(0/2) ®)
Now, from the result of Problem 4.4(b), we know that
do 1 1 9 Z%a? (1 — 02 sin® %)
— =5 M(k, 0 = 6
dQ  (4m)? ( 2 Z| (k. 0)l ) 4]k|2v2 sin*(0/2) (©)

spin

*E-mail: xianyuzhongzhi@gmail.com
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e~ i

NP1 p2 /)

" ka ko
e ;FZ
Figure 1: The scattering of an electron by a charged heavy particle = Z. All initial momenta
go inward and all final momenta go outward.

This is the formula for relativistic electron scatted by Coulomb potential, and is called
Mott formula.

Now we give an alternative derivation of the Mott formula, by considering the cross
section of e~ =% — e~ p~%. When the mass of ; goes to infinity and the charge of y is
taken to be Ze, this cross section will reduces to Mott formula. The relevant amplitude
is shown in Figure 1, which reads

iM = Z(—ie)2ﬂ(p1)’y“u(kl)_?i(j(pz)%U(kz), (7)

where u is the spinor for electron and U is the spinor for muon, t = (k; — p1)? is one
of three Mandelstam variables. Then the squared amplitude with initial spin averaged
and final spin summed is

Z2%et
£ EMP = St [y G 4 m)y (p +m)] [ + M) (p, + M)

spin
Z%e! 2872 2 ) ) )
— | 16m*“M 8M (/ﬂ p1)+8(k1 pg)(kg pl)

— 8m2(ka - pa2) + 8(k1 - k2) (b1 - p2)|. (8)

Note that the cross section is given by

do B 1 |p1]
(E)CM - 2E.2E, vk, — Vi, | (2m) 24ECM( Z M| ) )

When the mass of 1 goes to infinity, we have £, ~ Ecm ~ M, vk, ~ 0, and |p1| ~ |kq].

Then the expression above can be simplified to

(3) e = 6 (3 o). (10)

When M — oo, only terms proportional to M? are relevant in |[M]?. To evaluate this
squared amplitude further, we assign each momentum a specific value in CM frame:

k1 = (F,0,0,k), p1 =~ (E,sin6,0, kcos0),
ko ~ (M,0,0, —k), pa2 =~ (M, —ksin6,0, —k cos ), (11)

then t = (k; — p1)? = 4k?sin? £, and

Y M =

Substituting this into the cross section, and sending M — oo, we reach the Mott formula

Z%e*(1 —v?sin® £)

N M? +O(M). (12)
2

k2v? sin

again:

do 7202 (1 — v2sin?2 £

aa 4|k 202 sin* (6 /2
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b1 P2 P1 P2

k1 ko ky ks
e et
e et
Figure 2: Bhabha scattering at tree level. All initial momenta go inward and all final momenta

go outward.

2 Bhabha scattering

The Bhabha scattering is the process ete™ — ete™. At the tree level, it consists
of two diagrams, as shown in Figure 2. The minus sign before the t-channel diagram
comes from the exchange of two fermion field operators when contracting with in and
out states. In fact, the s- and t-channel diagrams correspond to the following two ways
of contraction, respectively:

— \ — |
<p’1p2|¢A¢¢A1ﬂ<1k2>, <p1p2|¢A¢¢A¢T{1k2>~ (14)

In the high energy limit, we can omit the mass of electrons, then the amplitude for the
whole scattering process is:

M = (e k2)yath) S o) () = 0y ul) ok o) 19
Where we have used the Mandelstam variables s, t and u. They are defined as:
s=(k+k)? t=(—k)’ u=(p2—k)” (16)
In the massless case, k¥ = k3 = p? = p3 = 0, thus we have:
s=2ky-ky=2p1-p2, t=-2p1-k1=-2py-ky, u=-2ps-ky=—2p1-ky. (17)

We want to get the unpolarized cross section, thus we must average the ingoing spins
and sum over outgoing spins. That is:
‘2

64
1 SIMP = 55 S okt v (p2)

23 i st
_ % {5<p2>7uu(pl)’a(k‘l)’Yuv(k‘g)ﬂ(pl),yl/u(kl)’ﬁ(kz)’yl,v(pg) + C_C}
= ﬁ tr (K19 ko) tr (P, vy 1) + 4% tr (7" p, 7" tr (B ko)

64 v L
- @{tr(%w Fovup, vop ") + c-c-}
2et (u? + t2 2e* (u? + s2 detu?
(2 4+) | 2ttt s
S t st

2§ 1 152
20t | L4 2 2(— —) . 1
e{s2+t2+u s 3 (18)
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In the center-of-mass frame, we have k! = k9 = k°, and k; = —ko, thus the total
energy FE2y = (k) + k9)? = 4k? = 5. According to the formula for the cross section in
the four identical particles’ case (Eq.4.85):

do
Rl 19
(38) o = 1memy (F Z1MF). (19
thus
do o? [ 12 52 5/ 1 142
Rt = |4+ 2 — 4+ = 20
(dQ)CM 2s [32+t2 +u(s+t)}’ (20)
where o = e%/4r is the fine structure constant. We integrate this over the angle ¢ to
get:
do 12 52 1 142
=— |5+ —= - 1. 21
(dcos@)CM s [ +1f2+ (s+t)] (21)

3 The spinor products (2)

In this problem we continue our study of spinor product method in last chapter. The
formulae needed in the following are:

1 1
ur(p) = —==—==pPUro; ur(p) = —=——==puro- 22
SN Tid NG id 22
s(p1,p2) = ur(p1)ur(p2), t(p1,p2) = ur(p1)ur(p2)- (23)
For detailed explanation for these relations, see Problem 3.3
(a) Firstly, let us prove the following relation:
|s(p1,p2)* = 2p1 - pa. (24)
We make use of the another two relations,
_ 1- 149
Urouro = 7 ko, UROURO i %0- (25)

which are direct consequences of the familiar spin-sum formula > ugg = f,. We now
generalize this to:

ww@®) =y un@ne) = . (26)
We prove the first one:
ur,(p)ur(p) % ko puRO'&ROP 5 ko P ! + i Fop
:2}:]{: pkop 2p1k0 ! _275 2k — Kop)p
= _27 p— 2]9%760 ! _275 Fop? = _275 » (27)

The last equality holds because p is lightlike. Then we get:
[s(p1p2)? =lir(p)us(p2)? = tr (urp2)is (p2)ur(py)in(e))

= (1 =)0 —Ppy) = 21 . (28)
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(b) Now we prove the relation:

br (y#19H2 o) = g (gt M2y, (29)

where p; =0,1,2,3,5.
To make things easier, let us perform the proof in Weyl representation, without loss
of generality. Then it’s easy to check that

i =0,2,5;
()T ={" : (30)
- ’Y'uv w=13.

Then, we define M = v'43, and it can be easily shown that M~14*M = (4*)T, and
M~'M = 1. Then we have:

tr (Y2 oyt ) = tr (M P MM T P2 N M e M)
= tr [(,yul)T(,yuz)T .. (,),MH)T] — tr [(,yun .. ,,Yuz,yul)T]
= tr (fy/"“ . ’ylLnyNI). (31)

With this formula in hand, we can derive the equality
ur(p1)y*ur(p2) = ur(p2)y*ur(p1) (32)

as follows

LHS = CﬂRoplfy“pzuRo =C'tr (pl'y“%)
=Ctr (pg’yupl) = C’leopZ’prluLo = RHS,

. : ~1
in which C = (24/(p1 - ko)(p2 - ko)) -
(c) The way of proving the Fierz identity

ur(p1)Y ur(p2) Vular = 2[ur(p2)ar(pr) + ur(p1)ar(p2)] , (33)

has been indicated in the book. The right hand side of this identity, as a Dirac matrix,
which we denoted by M, can be written as a linear combination of 16 I' matrices listed
in Problem 3.6. In addition, it is easy to check directly that v*M = —M~®. Thus M
must have the form

1—+° 1+4°
M:( 27 )7“1/“4—( J;V >7HW“.

Each of the coefficients V#* and W# can be determined by projecting out the other one
with the aid of trace technology, that is,

V= %tr W( 1 727 )M] = ar(p1)7"ur(p2), (34)
WH = %tr [’YH<HT’Y)M] = Ur(p2)7"ur(pr) = ar(p)y"uL(p2)- (35)

The last equality follows from (32). Substituting V# and W* back, we finally get the
left hand side of the Fierz identity, which finishes the proof.
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(d) The amplitude for the process at leading order in « is given by

. .oy -1 _

IM = (—162)UR(k2)7“UR(k1)?UR(pl)WUR(m)- (36)
To make use of the Fierz identity, we multiply (33), with the momenta variables changed
to p1 — k1 and py — ko, by [ﬂR(pl)}
which leads to

and [UR(pg)]b, and also take account of (32),

a

up(k2)v"ur(k1)0R(P1)VuvR(P2)
= 2[or(p1)uL(k2)uL (k1)vr(p2) + Ur(p1)ur(k1)ur(ke)vr(p2)]

= 25(p1, k2)t(k1, p2). (37)
Then,
. Aot 16¢*
[IMI* = 5l k) Flt(ha, p2)I* = == (01 ko) (ka - pa) = € (14 cos0)%, - (38)
and
99 (epen - ubum) = oA 2 (14 cospp? (39)
dQ L~R ,U'L/I“R o 647T2Ecm a 4Ecm .

It is straightforward to work out the differential cross section for other polarized pro-
cesses in similar ways. For instance,

do —eMt(pr, k1) PLs (k2. p2))? o?

@(6{61_% — phur) = inZE... = 1B (1 — cos ). (40)

(e) Now we recalculate the Bhabha scattering studied in Problem 5.2, by evaluating
all the polarized amplitudes. For instance,

i./\/l(eze;z — e‘{eﬁ)

= (—ie)? [UR(’Q)’Y“UR(M)?UR(pl)%UR(m)

- uR(Pl)V“UR(kl)_tiUR(k2)7HvR(p2)}

:mﬂmemm_““mM”ﬂ. (41)
S t
Similarly,
t k k
i./\/l(e{el_% — eEeZ) = 2i¢? (p1, 1);( 2,P2) ) (42)
k)t(k
iM(eEez — ezeg) = 2ie? 5P, 11( 2:P2) ) (43)
t(p1, ko)s(k t(k k
Meher — eper) = 2| {kestbps) _ thnpsiur) ) -y
t(ko, k
i/\/l(e}%ej3 — e}%e;{) = 2ie? (k2. 1):(]9171)2) ) (45)
ko, k1)t
iM(efe; — efer) = 2ie? s(kz, 1)15 (£, 22) : (46)

Squaring the amplitudes and including the kinematic factors, we find the polarized
differential cross sections as

do _ _ do _ _ o?u? /1 1\2
—(e}feR—>e}feR):—(eEeL%eEeL)zi( + ),

o BT (47)
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do _ _ do _ _ a? 2
d—Q(eIeR%eEeL): d—Q(eEeL %6261{):2—88—2, (48)
do _ _ do _ _ a? §2
d—Q(egeR%eEeR): d—Q(eJLreL —)62611):278?. (49)
Therefore we recover the result obtained in Problem 5.2:
d 12 2 1 1\2
L I

4 Positronium lifetimes

In this problem we study the decay of positronium (Ps) in its S and P states. To
begin with, we recall the formalism developed in the Peskin & Schroeder that treats
the problem of bound states with nonrelativistic quantum mechanics. The positronium
state |Ps), as a bound state of an electron-positron pair, can be represented in terms of
electron and positron’s state vectors, as

d3k 1
Ps) = VM [ 50 Con e () e (k) 61

where m is the electron’s mass, Mp is the mass of the positronium, which can be taken
to be 2m as a good approximation, a and b are spin labels, the coefficient Cy;, depends
on the spin configuration of |Ps), and (k) is the momentum space wave function for
the positronium in nonrelativistic quantum mechanics. In real space, we have

Y100(r \/ eXp —amyr (52)

Yo1i(r (amr/2)5 ~— 2 gt exp(—am,r/2). (53)

where m, = m/2 is the reduced mass. Then the amplitude of the decay process Ps — 2~
can be represented in terms of the amplitude for the process ete™ — 27 as

M(Ps = 29) = \F/

We put a hat on the amplitude of ete™ — 2v. In the following, a hatted amplitude

d3k

(K)Cap M (€5 (K)e;f (k) — 27). (54)

always refer to this process.

(a) In this part we study the decay of the S-state positronium. As stated above, we
have to know the amplitude of the process ete™ — 2+, which is illustrated in Figure 3
with the B replaced with v, and is given by

iM = (~ie)%€; (p1)€; (p2)
, ik —p +m) - L ik —p, +m)

0(kz) {7 T =mz T == ]U(/ﬁ% (55)

where the spinors can be written in terms of two-component spinors £ and £’ in the
chiral representation as

() — (mf) () — ( N )

N S (56)
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0 o
L
(7).

where o# = (1,0%) and o* = (1,—0") with o' the three Pauli matrices. Then the

amplitude can be brought into the following form,

We also write v* as:

— | Ty
i —i dl Y
M = € € (pl) (pQ)g |:(]€1 —p1t)2 _m2 + (kl _p2)2 _m2:|€’ (57)

with
= (Ve 00" 0" Vi 5 — vk 505"k -0 )m
+ (W&”aka“\/kli-— ma”a*a“m) (k1 —
Iy = (\/’@700“ "k G —\/ky o7 \/7>
+ (Vhz 0505”0 = ks 5015 0"\ Jhy -7 )y —

In the rest of the part (a), we take the nonrelativistic limit, with the momenta chosen
to be

k' =k = (m,0,0,0), py = (m,0,0,m), ph = (m,0,0,—m). (58)
Accordingly, we can assign the polarization vectors for final photons to be
el (py) = %(O7 1,4i,0), el (p2) = W(O —1,4i,0). (59)

Now substituting the momenta (58) into (57), noticing that \/k; - 0 = Vk; - 6 = /m (i =
1,2), and (k; — p1)? = (k1 — p2)? = —m?, and also using the trick that one can freely
make the substitution 6# — —o* since the temporal component of the polarization
vectors €, always vanishes, we get a much more simplified expression,

iM = ie2e " (p1)es(p2)€'T (07 oo — otada” ). (60)

The positronium can lie in spin-0 (singlet) state or spin-1 (triplit) state. In the former
case, we specify the polarizations of final photons in all possible ways, and also make
the substitution £&/f — % (See (5.49) of Peskin & Schroeder), which leads to

IMS, = —IMS_ = i2v2¢2, M5 =iM® | =0, (61)

where the subscripts denote final photons’ polarizations and s means singlet. We show
the mid-step for calculating iM¢ | as an example:
ie?

3 tr [((01 +i0%)o?(—ot +i0?) — (=o' +ic?)o3 (ot + iaz))gf’q = i2/2¢2,

IMey =
In the same way, we can calculate the case of triplet initial state. This time, we make
the substitution £t — n - o /v/2, with n = (& +i§)/v/2 or n = 2, corresponding to
three independent polarizations. But it is straightforward to show that the amplitudes
with these initial polarizations all vanish, which is consistent with our earlier results by

using symmetry arguments in Problem 3.8.
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Therefore it is enough to consider the singlet state only. The amplitude for the decay
of a positronium in its 1Sy state into 2y then follows directly from (54), as

Y(x=0) =
T m e
where ¥(x = 0) = y/(ma/2)3 /7 according to (52). Then the squared amplitude with

final photons’ polarizations summed is

0K

2m

M (PSo—2y) = (62)

STIMESy = 29))

spin

(M5 2 4 IM2_J2) = 16ma®m?, (63)

Finally we find the decay width of the process Ps(*Sp) — 27, to be

11 d3p1d3p2 2
1 - 1 45(4) _p —
]. ]. d3p1 1 2
3 | MO~ 2 et )
1
= Easm, (64)

where an additional factor of 1/2 follows from the fact that the two photons in the final
state are identical particles.

(b) To study the decay of P state (I = 1) positronium, we should keep one power of
3-momenta of initial electron and positron. Thus we set the momenta of initial and final
particles, and also the polarization vectors of the latter, in e~e™ — 2, to be

ki = (E,0,0,k), kY = (E,0,0,—k),
py = (E,Esin6,0, F cos ), ph = (E,—Esin6,0,—FE cosf),
el (pr) = %(O,COS 6, £i, —sin @), € (p2) = %(07 —cos 6, £i,sin h). (65)

Here we have the approximate expression up to linear order in k:

v k- :\/k‘g'a':\/%—2jm0'3+0(k2),

\/kg'O':\/k‘l':\/E—FQ\I;EO'S‘FO(/{?Q),

1 1 B k cos

_ 2

(ky —p1)2 —m2  2m?2 2m3 +O(k),
1 1 kcosf

S k?).

(k1 —p2)2 —m? 2m? * 2ms3 +O(F)

Consequently,

LY =2m?c”(c'sg + o’co)ot — mk(c®c” ot + 0”0t 0® + 20”0 0H) + O(K?),

I = —2m*c"(c'sg + o°cy)o” — mk(c®o”a” + ot'c”0® + 20+ 0%0") + O(k?),

where we use the shorthand notation sy = sinf and ¢y = cosf. We can use these
expansion to find the terms in the amplitude iM of linear order in k, to be

o . * * k v v
1M|O(k) = 1(326M(101)61/(172)%§Hr [ — 2cp0t (0t sg + 03cg)a” — 2co0” (0 59 + 0Pcp)at
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+ (030“0” + otov o + 20“030”) + (030”0“ +oVoto® + 20”030“)} &,

(66)

Feeding in the polarization vectors of photons, and also make the substitution &£/t —
n-o/ V2orl / V2 for triplet and singlet positronium, respectively, as done in last part,

we get
iMiilog) =0 iMoo = —i2s0(F1 + cp)e?k/m,
iﬂliiwb(k) = i2\/§€2k/ma iﬂl‘?“b(k) = iQ\@S%SQk/m,
iMoo =0, iMEL |og) = —i2ss(£1 + cp)ek/m,
IMET o =0, iMEH o = 0. (67)

The vanishing results in the last line indicate that S = 0 state of P-wave positronium
cannot decay to two photons.

(¢) Now we prove that the state
d’p i iyt
1B09) = V2My [ B u0)a] a5 ol (68)
is a properly normalized state for the P-wave positronium. In fact,

3,4/ 3
(BB = 2Mp [ Gl v 0 (p)

X <0|b—p/+k/2EjTap’+k/2al+k/22ibip/+k/2|0>
d3p/ d3p )
= QMP/WW V5 (P)vi(p)
X (Ob_pr 122 T80T,y 0]0)(2m)36) (p! — p)

d*p Ty
= 2Me / @ (P)¥i(P)(0lb—p /22 DL L ,10)

3
ot / (‘;j; 3 (p)wn (p) (0] tr (2975) |0) (2) %6 (0)
= 2Mp - (27)36)(0), (69)

which is precisely the needed normalization of a state. In this calculation we have used
the anticommutation relations of creation and annihilation operators, as well as the
normalization of the wave function and the ¥ matrices.

(d) Now we evaluate the partial decay rate of the S = 1 P-wave positronium of
definite J into two photons. The states for the positronium is presented in (c), with the
3 matrices chosen as

%ai, J =0,

¥ = %eijknjak, J=1, (70)
L pigi, =2
73 ; ;

and the wave function given by (53).

10
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Firstly, consider the J = 0 state, in which case we have

3 —
WMCP) = 7095) = <= [ (o) M (e (k) = 7000). (7)

where «, 8 = 4+ or — are labels of photons’ polarizations and a,b =1 or | are spinor
indices. For amplitude iM, we only need the terms linear in k, as listed in (67). Let us
rewrite this as

iM(e; (K)ef (—k) = vavs) = FI5 k"

In the same way, the wave function can also be put into the form of ;(x) = 2% f(r),
with r = |x|. Then the integration above can be carried out to be

. i L0
IMPPy = Yav8) = \/ﬁ Faﬂj { @1/1 (X)]
x=0
= ——al, F £(0). (72)

Vém

On the other hand, we have chose the direction of k to be in the z-axis, then Fgg,1 =
e ab 3.2 = 0 as a consequence. Therefore,

IMCGPy = yavg) = msm9 (73)

i
—— o) (FI
\/6771ﬂ )( +F,3 :I:ZF 3
Square these amplitudes, sum over the photons’ polarizations, and finish the phase space
integration in the same way as what we did in (a), we finally get the partial decay rate
of the J = 0 P-wave positronium into two photons to be
IR = Lo¢7m (74)
576

The positronium in 3 P; state, namely the case J = 1, cannot decay into two photons
by the conservation of the angular momentum, since the total angular momentum of
two physical photons cannot be 1. Therefore let us turn to the case of J = 2. In this
case we should average over the initial polarizations of the positronium, which can be
represented by the symmetric and traceless polarization tensors h%, withn =1,2,--- 5
the labeled of 5 independent polarizations. Let us choose these tensors to be

hzlj _ 7(6126]3 + 6135]2) hZQJ — 7(5115]3 + 6z35]1)
héj _ %(5116]2 + 5125j1) hfL] _ %(511§J1 5125]2)7
héj _ %(5116]1 513513). (75)

Then the decay amplitude for a specific polarization of J = 2 Ps can be represented as

d3k |
Mo (P2 = 79) " = [ G0 ghie?) iR (e (06 (k) = 700)
= Whyainggﬂ- £(0). (76)

Now substituting all stuffs in, we find the nonvanishing components of the decay ampli-
tude to be

IMo(PPy — yays) =

48

11
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7'['0[7

48

7
iM5(3P2 = Y+Y5) = F24/ 7T4Oé imsin? 6. (77)

Squaring these amplitudes, summing over photon’s polarizations and averaging the ini-

iMo(PPy — yays) = imsin? 0,

tial polarization of the positronium (by dividing the squared and summed amplitude by
5), we get

7T047m2

120

1 2 . .
gZ’Mn(SPQ = 29)|" = (1 + sin? 0 + 4sin 9). (78)
spin
Finally, we finish the phase space integration and get the partial decay rate of 3P,
positronium into 2 photons to be
= a'm
19200

ICrR) (79)

5 Physics of a massive vector boson

In this problem, the mass of electron is always set to zero.

(a) We firstly compute the cross section o(eTe™ — B) and the decay rate I'(B —
ete™). For the cross section, the squared amplitude can be easily found to be

1 : 1 s x(1) = 2
T MP = ‘lgeﬂ( D) ulp)| =2¢°(p-p). (80)
spin spin
Note that we have set the mass of electrons to be zero. Then the cross section can be
deduced from (4.79). Let’s take the initial momenta to be

p=+(E0,0,E), p =%(FE00,-E), (81)

with E being the center-of-mass energy. Then it’s easy to get

2 2

2m)8(Mp — E) = 49—E(27r)2MB5(M§ —5) = wg26(ME — s), (82)

-9
4F

where s = E2.

g

To deduce the decay rate, we should average polarizations of massive vector B instead
of two electrons. Thus the squared amplitude in this case reads

1 . 8
3 > M = 592(17-19’)- (83)
spin

The decay rate can be found from (4.86):

1 d3p d3p/ 1 1
I'= L 2)(21)4 (4) '
2Mp / (2m)3 273 2E, QEP/(SZM/” )( m)* W (pp —p—p')
! Pp 1 (16 o0
= =g FE2 (2 Mp — 2E
2Mp / (27)3 4E§( 39 p>( m)6(Mp b)
am 4 2721 571 g*’Mp
~(2m)22Mp +9°E36($Mp — Ep) = . .
(2m)?2Mp /dp 59 Epzo(3 Ms p) o (84)

We see the cross section and the decay rate satisfy the following relation, as expected:

1272
Mp

olete” = B) = (B —ete)d(s — M?). (85)

12
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gl B v B

P P2 P1 \;@}JJ“

kl kg k'l k2
e et e et

+

Figure 3: The tree diagrams of the process e”e™ — v+ B. All initial momenta go inward and

all final momenta go outward.

(b) Now we calculate the cross section o(e”et — v+ B) in COM frame. The related
diagrams are shown in Figure 3. The amplitude reads:

1 i
P4 AH Y
kl_pl kl_pQ

where €, is the polarization of photon while e, is the polarization for B. Now we square

iM = (~ie) (~ig)en(pr)es (p2)0(k2) [2 “Jutk), (36)

this amplitude,

%ZHM\? _ %ezgzgupgwtr {(7 (k4 ;?1)7 L (?l;%g)v )%1

spin

X

( P (ks ;pl)v" N 77 (p, ; ko )v? )%2}

_ 8e2y? [ G ~p1)§k2 ) |, (k 'pl)g’@ 1)
t U
2(]{31 . kg)(k‘l . ]{32 — ]{71 “Pp1— kz '])1) :|
+
tu

- 2e292{u+t+28(5+t+u)}

t tu

t 2sM?2
— 9¢2,2 u v B
e‘g {t + " + ™ (87)

Then the cross section can be evaluated as

do = 1 ‘p1| 1 2
<dQ >CM 2By, 2, vk, — vk, | (27)24Ecum (4 2IM] )
’g° M? t  2sM2
_€eg (17 B){qu + s B} (88)

32725 s t u tu

We can also write this differential cross section in terms of squared COM energy s and
scattering angle 6. To do this, we note that

5= EéM, t= (M% - EéM) sin® %, u = (MEQ; - E%M) cos? %. (89)

Then we have

do e?g*(1 — M3%/s) 5 4sM?3
(dQ)CM 16725 sin? 6 [ eSO (S_Ml%)z}’ (50)
and d 2( M2/ ) As M2
o ag”(1—Mg/s 2 SMp
= 1 0+ ——=2—1. 91
(dcos@)CM 2ssin20 [ oSO (SM?B)Z} 1)

13
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(¢) The differential cross obtained in (b) diverges when § — 0 or # — 7. Now let us
study the former case, namely 8 — 0.
If we cut of the integral from 62 ~ m? /s, then we have:

do . ag?(1 — M3/s) 4sM3 L=mi/s gy
S 2
/90 (dcosé))cwlsmede 2s * (s — M%)? / 1—¢2

_ ag®(1 - Mg/s) - 4sM3 log< s )
- 4s (s — M3)? m2
2 4.2
ag® 1+ Mp/s ( s )
= 1 2
2 S—M% o8 m2 (92)

Now we calculate the following expression:

1
/0 dz f(2)o(ete™ = By s

= [ an [ O g (2 gt ar - (1 - 1)

_ ag? 1+Mé/521 ( s )

— A2 2
2 s — Mg m2

6 The spinor products (3)

This problem generalize the spinor product formalism to the processes involving
external photons.

(a) Firstly we can represent photon’s polarization vectors in terms of spinors of definite
helicity. Let the momentum of the photon be k, and p be a lightlike momentum such
that p - k # 0. Then, the polarization vector €/ (k) of the photon can be taken to be

1 1

AR = o un(), ) = S (), (04)

where the spinors uyz, r(k) have been introduced in Problems 3.3 and 5.3. Now we use

this choice to calculate the polarization sum:

ey (k)e (k) + €2 (k) (k)

= 4p1, : [ﬂR(k)v“uR(p)ﬂR(p)v”uR(k) + ﬂL(k)v“UL(p)ﬂL(p)’y”UL(/f)]
= 4p1. -t [pr ] = g+ P ukpif - (95)

When dotted into an amplitude with external photon, the second term of the result
vanishes. This justifies the definitions above for photon’s polarization vectors.

(b) Now we apply the formalism to the process eTe™ — 27 in the massless limit. The
relevant diagrams are similar to those in Figure 3, except that one should replace the
label ‘B’ by ‘y’. To simplify expressions, we introduce the standard shorthand notations
as follows:

p) = ur(p), pl = ur(p), (p=1ur(p), [p=ur(p).  (96)

14
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Then the spin products become s(pi,p2) = [pip2] and t(p1,p2) = (p1p2). Various
expressions get simplified with this notation. For example, the Fierz identity (37) now
reads [kav k1)[p1yup2) = 2[p1k2](k1p2). Similarly, we also have (kiy*ka](p1y.p2] =
2(k1p1) [p2k2].

Now we write down the expression for tree amplitude of eEe; — vr7L-. For illustra-
tion, we still keep the original expression as well as all explicit mid-steps. The auxiliary
lightlike momenta used in the polarization vectors are arbitrarily chosen such that the
calculation can be mostly simplified.

iM(eger — YLvR)
Ayt

— (—ie)QeiM(Ih)eiy(pz)ﬂL(kz)[ %1 ;'ﬁ - i . 0 ]UL(lﬂ)

(2 (k2vup1][k17p2) [<k2’7 (Fy — p )"k N (kary™ (K, —pQ)W”kl]}

45/ (k2 - p1) (k1 - p2) t

o (kavup1][k1vup2) [ (kov" k1] (k1y" k1] — (kav"p1](p17" k1]

2u t
+ (k2" k1] (k17" k] ; (k2y"pa](pay" ki) ]
_ —2ie? { (k1kz) [p1k1](kap2) [k1k1] — (kap1) [k1p1](kap2) [k1pi]
U t
n (kok) [k1p1](kip2) [k1k1] — (k2kz2)[p2p1](p2p2) [k1k1] }

(kap1) [k1p1](kap2) [k1p1]
tu

= 2i¢?

; (97)

where we have used the spin sum identity p = pl{(p + p)[p in the third equality, and also
the Fierz transformations. Note that all spinor products like (pp) and [pp], or (py*k)
and [py*k] vanish. Square this amplitude, we get
t

|i/\/l(e§ez — ’yL'yR)‘2 = 4645. (98)
In the same way, we calculate other polarized amplitudes:
iM(eher = YRL)
2 [k1yupr) (kayupa] [ 2y’ (By — p )y k) N [y (K1 — py)7" Fer)

(k1 - p1) (k2 - p2) t v
_ 02 <k2191>[k1p22 (k2p2)[k1p2] (99)

Note that we have used a different set of auxiliary momenta in photons’ polarizations.
After evaluating the rest two nonvanishing amplitudes, we get the squared polarized
amplitudes, as follows:
_ 2 _ 2 t
’M(eEeL — fnyyR)| = |./\/l(ez'eR — 'nyyL)| = 4645, (100)
LU

. 2 _
|M(efer = vevr)|” = |[M(efer — 'nyyR)|2 =4e e (101)

Then the differential cross section follows straightforwardly,

do 2\ 2ma? ft o w
dcosf 16773( Z M| ) (E * 7)’ (102)

which is in accordance with (5.107) of Peskin & Schroeder.
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1 Rosenbluth formula

In this problem we derive the differential cross section for the electron-proton scatter-
ing in the lab frame, assuming that the scattering energy is much higher than electron’s
mass, and taking account of the form factors of the proton. The result is known as
Rosenbluth formula. The relevant diagram is shown in Figure 1. Let us firstly work out

e” p
D1 P2

kq ko
e~ p

Figure 1: The electron-proton scattering. The blob denotes form factors that includes the
effect of strong interaction. All initial momenta go inward and all final momenta go outward.

the kinematics. In the lab frame, the momenta can be parameterized as
k1 = (E,0,0,F), p1 = (E', E'sin6,0, E' cos ), ke = (M,0,0,0), (1)

and po can be found by momentum conservation, ki + ko = p1 + p2. With the on-shell
condition p3 = M?, we find that

_ ME
M +2Esin®§’

/!

(2)

We also use ¢ = k1 — p; to denote the momentum transfer and t = ¢2 its square. Note
that we have set the electron mass to zero.
Now we write down the amplitude M.

ic*q,

IM = (—ie)*U(ps) |7 Fi(q®) + Yi

o) | Ulk) i yn(he), (3)

*E-mail: xianyuzhongzhi@gmail.com
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where U is the spinor for the proton and w is for the electron, M is the mass of the

proton. At this stage, we convert this expression into a more convenient form by means
of the Gordon identity (see Problem 3.2):

M= (20 [y + 1) = 2 U () a0

Now, the modular-squared amplitude with initial spins averaged and final spins
summed, is
1 o € (p2 + k2)"
4 Z IM|" = 474” [("/“(Fl + Fy) — TFQ (ks + M)
D2 + ka)?
X (’Yp(Fl + Fp) — (22]\/[2)F2> (?2 + M)] tr [’Yu%l’Ypl’jl]

4et M?
= {(QEZ +2E7 4+ ) (Fy + Fy)?

- (2F1F2 + R4+ 4;{22)) ((E +E) +¢*(1- 4}{4))} (5)

There are two terms in the square bracket in the last expression. We rewrite the first
factor in the second term as

2
21y +F22(1 * fw) = (Fi+ Fy)* = FE + 4= F3,

and combine the (Fy + Fy)? part into the first term, which leads to

de M2
4 Z| - {21\42 (F1 + F)? + 4(F} 3)ER cos® 7|,

where we have used the following two relations which can be easily justified:

2

E-E= L (6)
¢* = —AE'Esin® £. (7)

Now we can put the squared amplitude into its final form:

16e* E2 M3
zw -
M+2E§l E)

72
2
x [(Fl2 — ;L5 F}) cos® & — 2M2 (Fy + Fy)?sin® 4], (8)

On the other hand, we can derive the A+ B — 1+ 2 differential cross section in the
lab frame as

1 d®p1d3ps

d
oL 9FA2Eg|va —vg| ) (2r)62E2E;

IMP@2m)*6™ (p1 +p2 —pa—pp). (9)
In our case, E4 = E, Eg =M, Ey = F', and |[v4 — vp| ~ 1, thus

d? pld b2 P 45(4)
dgL’4EM/ smo2Eam, M 2T (Pt p2 = pa = p)
1 E?dE'd cos 0dy

_ S(E'+FEo(E')—E—M

AEM (27)32E"2E, IMIP(@m)8 (B + B (E') )

E24E’ E'—-F -t ME

_ / dFE'd cos0dp M2 |1+ cos 6 s(E - —

4EM (27)22E/2E, E5(E') M + 2Esin® ¢
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1 / dcosd M2 E'
- 4AEM 87 M + 2Esin® &
where we use the notation Fy = E2(E’) to emphasize that Es is a function of E’. That

is,

Ey = /M2 + E2? + E”2 — 2F'E cos .

Then, 1 .
o
(dcos9)L: 327 (M + 2E sin® g)Q‘ ’ 10)
So finally we get the differential cross section, the Rosenbluth formula, as
( do > B ma?
dcosf/L 2E2(1+ 22 sin® &) sin* £
X {(Ff - %FQQ) cos® & — 2?\;2 (Fy + Fy)?sin® 1. (11)

2 Equivalent photon approximation

In this problem we study the scattering of a very high energy electron from a target
in the forward scattering limit. The relevant matrix element is

M = (—ie)a(p' )y u(p) ‘;g;” M (g). (12)

(a) First, the spinor product in the expression above can be expanded as
a(p ) 'u(p) =A-¢"+B-g"+C-€+D-é€. (13)
Now, using the fact that g,u(p’)v*u(p) = 0, we have

0=A¢’ + Bq-G~ —4AFEE'sin> £ + Bq-¢ =  B~0

(b) It is easy to find that
b / ’ o
el = N(0,p" cosf — p,0,—p'sinh), e5 =(0,0,1,0),

where N = (E? + E'> — 2EE’ cos#)~'/? is the normalization constant. Then, for the
right-handed electron with spinor u, (p) = v2FE(0,0,1,0)7 and left-handed electron
with u_(p) = V2E(0,1,0,0)7, it is straightforward to show that

us(p') = V2E'(0,0,cos &, sin £)7,  u_(p') = V2E'(—sin 4, cos £,0,0),  (14)

and,
_ E+FE
w5 () - erus(p) = ~VEE 0, (15)
tx(p')y - equs(p) ~ HVEFE'S, (16)
us(p')y - €1uz(p) = ux(p')y - €2uz(p) = 0. (17)

That is to say, we have

E+FE
Cs = VBB [, D = +iVEE. (18)
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(¢) The squared amplitude is given by

2 e~ —_—~
Mt |* = s M ()Mo (q) (Cet + Daéld) (CLel + Dies?) (19)

(¢%)
Averaging and summing over the initial and final spins of the electron respectively, we
get

1 2 .
3 S IMP = 5o M@ 0) (4 + C- Pl + (D + |- )l
+ (C4D% + C_D*)eéfes* + (CiDy + C*D_ )65611’*]

2

— O MrE e | (T4 ) e + ey (20)

Then the cross section reads
1 d3 ! d Pt 2 4 (4)
/da’ 2E2MM, / (27)32E" (27%)2F; ( 2 M ) o (Em)
e / B3y EE'6? <E+E’> o
© 2E2M, ) (2m)32E’ 3(¢%)? |\ E - E'
d’p 4504) (5,
< [ e Mo e s ()
1 « 2—x\27 [" 62 sin 6
= ——— [dz |1 df———
2E2M; 27r/ w1+ ( z ) }/0 4(1 = cos0)2

3 —
< [ GoanE MR e (). (1)

where we have used the trick described in the final project of Part I (radiation of gluon
jets) to separate the contractions of Lorentz indices, and x = (E — E’)/E. Now let
us focus on the integral over the scattering angle 6 in the last expression, which is
contributed from the following factor:

s 2 o3
/ 40 0°sin 6 N ﬁ
0 4(1 — cos0)* 0o 0
which is logarithmically divergent as 6 — 0.

(d) We reintroduce the mass of the electron into the denominator to cut off the diver-
gence, namely, let ¢> = —2(EE’ — pp’ cosf) + 2m?. Then we can expand ¢?, treating
m? and 6 as small quantities, as

2o —(1—2)E%0* - Lsz
= l—z

Then the polar angle integration near § = 0 becomes

2 272 2
3| a0 z m 1 E

(e) Combining the results above, the cross section can be expressed as

2 -2
— 3 2
/d"_ 2E2Mt27r/dx H /dee [9 ) E?
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3
% / (27('(:'13)2E |M ( )| (2’/T)45(4)(Zp1)

1 _ 2 2
_ 3/dx 1+ (1-ap? B
2E2M; 2w

22 083
3 —
< [ G W00 5 () (23

3 Exotic contributions to g — 2

(a) The 1-loop vertex correction from Higgs boson is

1 2 l1—x di., u Ry
/\ / dx/ / d kd & k/2 NA)( ) ’ (24)

with

Nt = (k+¢+m)y"(k+m),

k' =k —xp+yg,

A= (1—a)m?+amj —x(l —2)p* —y(1 - y)¢* + 2zyp - q.
To put this correction into the following form:

it q,

H = A E
Y Fi(q) + o

Fy(q), (25)
we first rewrite N* as
Nt = A"+ B(p' +p)* + C(p' — p)*,

where term proportional to (p’ — p) can be thrown away by Ward identity ¢,I'*(q) = 0.
This can be done by gamma matrix calculations, leading to the following result:

NF = [(% — 1)/4:’2 + (342 —2Hm* + (y — zy — y2)q2} A+ (22 = Dm(p’ + p)H.

Then, use Gordon identity, we find

_—
Nt = [(% —DE? + (z+1)°m* + (y—y* — a:y)qz} v+ lgm

2m2(1 — z?).
Comparing this with (25), we see that

e d4k’ 1—a?
§Fy(q = 0) = 2iA*m? / dx/ / TE_ Ay

A? (1—=)? 1+$)
~ (42 /o daz (1 —2)2 4+ z(mp/m)?” (26)

To carry out the integration over x, we use the approximation that my > m. Then

22 1 1 142 — 22
6F5(q=0) ~ (471’)2/0 dz [1+x(mh/m)2 B (mp/m)? ]

~ W {1og(mi/m2) - %] (27)
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(b) According to (a), the limits on A and my, is given by

)\2

O520=0) = ety 2

log(mj,/m?) — & | <1x 107" (28)

For A = 3 x 107% and mj;, > 60GeV, we have Fy(q¢ = 0) ~ 10718 < 1071°. From the
bound from muon’s anomalous magnetic moment, in which case A = 6 x 1074,
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1 Optical theorem in ¢* theory

In this problem we check the optical theorem in phi-4 theory to order 2. Firstly,
the total cross section oot at this order receives contributions from tree level only.
The squared amplitude is simply A2. Then its easy to get the total cross section by
complementing kinematic factors. That is,

/\2
e 1
167s’ (1)

Otot =

where s = EZ,; and Ecy is the COM energy. Then, consider the imaginary part of the
scattering amplitude. The contribution comes from 1-loop diagram in s-channel this
time. We compute this amplitude directly,

, 1, .o [ d%k i i A2 e t 1
M= /(27r)d k? —m? (k —p)? —m? _7/(%)‘1/0 & (k2 = A)?

ix2 !
= 2(;\#)2 [% — v+ logdn — /0 dz log (m* — z(1 — x)s)} (2)
Therefore,
A2t
ImM = — 2(477)2/0 dem[log (m? —z(1 - x)s)} (3)

The argument in the logarithm is real, thus the imaginary part of the logarithm equals
to 0 or —7 depending on the argument is positive or negative. (More precisely, the
imaginary part is —7 but not 7 due to our ie prescription.) Then we see this logarithm
contributes an constant imaginary part —m, only when

1—+/1—4m?/s e 14+ +/1—4m?/s
T :
2

2

Thus we have

A2 Apem
ImM = —+/1—4m?/s = 4)

327 167 Ecy

*E-mail: xianyuzhongzhi@gmail.com
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2 Alternative regulators in QED

In this problem we compute the first order corrections to Z; and Zs in QED, using
cut-off regularization and dimensional regularization respectively. The renormalization
condition is chosen to be,

(g =0) = Z; 'y, (5)
as
-1 _ 1 _
=g (6)

We begin with dimensional regularization instead of momentum cut-off.

(b) Dimensional regularization. We firstly calculate §F;(0):
u(p’)oT* (p, p")u(p)

()2 Ak “ipo o g S
_( ) /(277)d(/<:—p)2—,u2 (p)’Y }é+¢_m7 %_m/y (p)
e / Ak a(p )y (k + ¢ +m)y*(F +m)yPu(p)

(271-)(1 ((k‘ _ p)Q _ MQ) ((k + Q)2 _ m2) (k2 _ m2)

_ e [ [T g 2N u(p)
=i [y [, e [ G @

where

k'=k—xp+yq,

A=(1—a)m® +ap? —a(l —x)p? - y(1 - y)g® + 2zyp - q,

N# = ,(k + g+ m)y* (K +m)y”.
The next step is to put N* into a suitable form. The calculation is basically in parallel
with Section 6.3 of Peskin & Schroeder. Here we show some details. The first step is to

finish the summation over dummy Lorentz indices. Note that we are using dimensional
regularization, thus we should use (A.55) in Peskin & Schroeder. The result is:

N# = — 2§y (k + ¢) + 4m(2k + ¢)* — (d — 2)m>+*
(4= )|+ gk = mlE+ gy — my ).

Note that d will be sent to 4 at the end of the calculation. Thus in the square bracket
in this expression, only the combination Fvy*§ contributes to the final result. Thus we
simply have

N = —2fyh (F 4+ f) + 4m(2k + g)" — (d — Dm** + (4— Dy K. ()

Here and following, we are free to drop off terms in N* which contribute nothing to final
results. The equal sign should be understood in this way. The next step is to rewrite
N* in terms of k’ instead of k:

Nt = (2= d)EA K = 2[zp — yg] 7" [zp + (1 - v)g]
+4m[2zp + (1 — 2y)q]# — 2m2H,

Terms linear in &’ has been dropped since they integrate to zero. The third step is to
put N* into a linear combination of v#, (p+p’)*. Terms proportional to (p—p')* will be
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dropped due to Ward identity. The basic strategy is using substitution ¢* = (p’ — p)*,
on shell condition @(p")p’ = a(p')m and pu(p) = mu(p). Here we show the detailed steps
for the second term above:

2[wp — yd]y"* [zp + (1 = y)q]
2[932 PP —y(L =y d — zygyp + 2(1 — y)pr'd]
—2[a?(2p" ~ ’y“zﬁ p y(1—y)(2¢" —"d)d — zydy"p + (1 — y)(F — dr"4]
2[22°mpt — &®m*y* + y(1 — y)*y* — 2zymg” + amytq — x(1 — y)gr"¢]
2[ x(x + 2)m Zyn 4 (x+1y)(1 —y)@*y* + 222 mpH + 2xmp'”}.
Combining this with other terms, and also make the momentum symmetrization, which
amounts to the substitution f'~v*§ — (£ = 1)k?y*, we get,

N = CZ g 4 (2% + 22 — D)m? — 2(z + y)(1 - y)g*]*
—|—2x(1 —z)m(p’ + p)*. ©)

Now we employ Gordon’s identity

PPt o

2m 2m

a(p' )y u(p) = ﬂ(p')[ }U(m

to put N* into a linear combination of y* and o,

Nt = [7(2_(;1)2 E? —2(2? — 4z + 1)m? = 2(z +y)(1 — y)qz]'y”

—2z(1 — x)mic"*"q,.

Now we have put the vertex I'* into the following form:

10'q,

" =" Fi(q) + Fy(q). (10)

We are interest in 0Fj(q), which is related to §Z; by 6Z; = —dF;(¢ = 0). Finishing
momentum integral:

0F1(0
1—x d./ 1 2
— 9i? / dx/ dy/ 4 gy [N = 20—+ 1]
e @—dPre—4) re-4)
2 2 2 2
471' d/2/ dl’/ AQ d/2 +(CL' —4:C+1)m W}, (].].)

and sending d =4 — e — 4:

262 1
(4m)? Jo

5F1(0) = dz (1fx){—f’y+log47r

(2% — 42 + 1)m? }

—log ((1 - +ap?) -2
og ((1—z)*m® + zp?) +(1—x)2m2+xu2

(12)
we reach the needed result 677 = —0F;(0). Now we turn to Z;. The correction of first
order is given by §Z; = (d%/dp)| pom We compute ¥(p) using dimensional regulariza-
tion,

. . d'k i —i
)= (716)2/(%)‘” F—m = k)2 — 2
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__e{/ dk (2—d)f+dm
a (2m)¢ (k2 —m?)((p — k)? — pi?)

:—62/ = /1dx (2—d)xp+dm

(2m)4 Jo (k2 — A)?
ie? ! re-4

where k' = k — xp and A = (1 — 2)m? + xpu® — (1 — x)p?. Then we can compute

=@ & Te-4)
ap (471_)(1/2/0 dx{iA%dé (2—-d)x

2-Hre-4) qa
- ZZ,E/Q ) ‘;p<<2—d>xp+dm)]
€2 ! re-4
~(4m)ir /0 do| Ny (2= d)e
_d
+ Ff;fdé)ma —2)p((2 = d)ap + dm)} : (14)

Then, setting p = m and d = 4 — € with € — 0, we get

dZ(p) _ —92¢2
dp lp=m (47)?

1
/ da:x[% + v +logdm
0

2(1 —2)(2 — x)m?
(1 —2)?m? + zp?

—log (1 —z)*m? + ap®) — 1 — (15)

Now we have found both §Z; and §Z5, but the relation §Z; = §Z5 is still not manifest.
To make it more transparent, we rewrite the logarithm term as follows,

- /0 dz(1 — z)log ((1 — )*m?* + zp*)

1
= —/ dz(1l — 22 + 2)log (1 — z)>m® + 21?)
0

= /0 dz {(1 —z)— ((11 _2)2(;712 i ;1;12 —zlog ((1—z)*m® + qu)] . (16)

Combining this with other terms, and also using the fact [zdz = [(1 — z)dz, we get

22 1
5F1(O):ﬁ/o dxm{%—’y-&-logllﬂ

2(1 — 2)(2 — x)m? ]

2, 2 2
—log ((1 — z)*m® + ap®) — 1 — (0= 22m2 & 0,2

(17)
Now it is clear that 077 = 0Zs. Thus Z; = Z5 keeps unaffected at this order when
dimensional regularization is used.

(a) Momentum cut-off. Now we repeat the calculation above but use momentum
cut-off instead. We can directly borrow some results above. All we need to do is setting
d — 4 and adding a UV momentum cut-off A, as well as the following integral formulae:

Atk 1 . 2 2
| a0 ) - 5]
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A 44 2 i
d=k k A2 A(4A%43A
/ @mi (k2 —Ap ~ 1672 [1og( 5)+ Siar — 3

/" d'k I At
(2m)4 (k2 — A3 3272 A(A2 4+ A)2°
We begin with (11):

11—z d4k/ 1 P 5 9
SF1(0) = — 2ie? dx dy TE_A) [kz 2(z” — 4z + 1)m”]
e? A? (22 — 4z + 1)m 3
=32 ; da:(l—x)[log(l—i—A)-&- A —5 ,  (18)
In the same way, we get
A qdq0
. d*k xp —2m
g =2t [0 [anh R )
and
dX(p) —e? [t A? 2¢(1 — z)(x — 2)m?
= 1 14— — . 2
QG lp=m SWZ/de[“’Og< by ) e A (20)

This shows that §77 # dZ5 with cut-off regularization.

3 Radiative corrections in QED with Yukawa inter-

action

(a) We calculate the first order corrections to Z; and Zs, as was done in Problem 7.2.
Firstly, we compute 6I'*, which is similar to the corresponding QED correction:

a(p’)oT* (p, p")u(p)

.\ 2 2 ddk i i ~# i U
1/\2 -z d?% 2u(p’ )N u(p
/ dx/ dy/ ) (k2 — A)( )’ (21)

where
k' =k —axp+yq,
A=(1-2)m®+am} —z(1—z)p* —y(1 - y)g® + 2xyp - q,
Nt = (4 ¢ +m)y" (K +m).

Then we put this correction into the following form, in parallel with steps of Problem
7.2. That is: (1) replace k by k" in N*:

N# = Ay H + (ap + (1= y)g + m)y* (xp — yd + m);
(2) rewrite the numerator N# by gamma matrix relations and equations of motion, as
Nt = [(% — 1)K+ 3+ 2z —2*)m® + (y — 2y — yz)(ﬂ T+ (2% = Dm(p' + p)’;
(3) use Gordon identity to further transform N* into:

ioh¥
N# = [(% —DE? 4 (2 +1)°m* + (y — v - xy)ffb“ + 5

2m2(1 — z?).
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Then, we can read off § F; from the coefficient of v*, as:

l1—x d
§F1(0) = iN? / dx/ dy/ ak k,21 NG [(%—1)k’2+(x+1)2m2]

2(471-) / dx(l—x)[—’y—i—logélw

—log ((1—z)*m* + xmi) -1+

(z + 1)%m? }

2
(1 —2)*m? + amg
Using the trick identity (16) again, we finally get

)\2
2(47r) / dxa:{z — v+ log 4w

—log ((1 —z)*m? + zmi) +

0F1(0) =

2(1 — 22)m? } (23)

20,2 2
(1 —2)*>m? +am?

Then we compute ¥(p).

. . o [ A%k i i
) = AV [ G

A2 [ A% 1d zp+m
-2 (27r)d/ S CZYNE

inzoot
= S(in)? / dx[% —’y+log4ﬂ'—logA} (zp +m), (24)
0

where k' = k — zp and A = (1 — z)m? + zp? — 2(1 — 2)p?. Then we have

dup) | a2
dp lp=m 2(4m)?

1
/ dxw[% — v+ logdnw
0

2(1 — 2?)m? i }

2 2 2
—log (1 —z)*m? 4+ zmj) + (= )i + 22

Thus we have proved that 677 = §Z5 holds for 1-loop scalar corrections.

(b) Now consider the 1-loop corrections to Yukawa vertex. We focus on the divergent
part only. The equalities below should be understood to be hold up to a finite part.
Then, for vertex correction from photon, we have

’ 2 )\2 ddk —i M i i
970 en =3 | G 32" F g

1—z ddk‘ 2dk/2
—ie / dx/ dy/ k:’2 INE

d2 2 1—x _ 7) 462 2
- 2(4m d/z/ dx/ A2 a2 (47r)2? (26)

In the same way,

, —i\ d%k i i i
5F(p’p)|scalar:(\@) /( m)d(k—p?—m2f+g—mk—m

_iN e ddk 2k’ —-\? 2
Thel o G- mmee @
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On the other hand, the 1-loop corrections for electron’s self-energy also come from
two parts: one is the photon correction, which has been evaluated in Problem 7.1,

. ie? 1 T2-49) ie?(p — 4m) 2
_lz(p)|photon == (471_)11/2 /0 dz A27d/2 [(2 - d)xp + dm} = (47‘(’)2 ?7 (28)
and the other is the scalar correction:
—iAN2 [ d% i i iIN(p+2m) 2
—iX = = — 2
200)] catar ( V2 ) / @m)dfk—m(p— k)2 —m] 4(4m)2 €’ (29)
To sum up, we have got the total vertex correction:
4e? — X\2/2 2
5F(p7p/) - 5F(p’p/)|photon + 5F(P7p')’50alar = W)Q/E’ (30)
and also:
dz(?) ’ N d[Z(p)photon + E(p)scalar] ‘ _ 62 + )\2/4 z (31)
dp p=m - d? p=m o (4’/T)2 € '
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1 Scalar QED
The Lagrangian for scalar QED reads
L= —§FuF" + (Du0)!(D"¢) — m?*6'o, (1)
with

F,, =0,A, - 0,A,,
D,¢ = (0, +1ieA,)¢.

(a) Expanding the covariant derivative, it’s easy to find the corresponding Feynman’s

\\c/.:/ e

rules:

= —e(p1 —p2)t

with all momenta pointing inwards.
The propagators are standard. We will work in the Feynman gauge and set £ = 1,
then the propagator for photon is simply
— )00
p2 + i€’

and the propagator for scalar is ‘
i
p? —m? +ie’

*E-mail: xianyuzhongzhi@gmail.com
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(b) Now we calculate the spin-averaged differential cross section for the process ete™ —
¢*¢. The scattering amplitude is given by

WM = (e Bk uk) (o1 — p2)e (2)

Then the spin-averaged and squared amplitude is

64
% Z IM|? = i [(p, =P (p, — )]

spins

64

=12 [8(k1 - p1 = k1 - pa) (k2 - p1 — k2 - p2) — 4(k1 - k2)(p1 — p2)?]. (3)
We may parameterize the momenta as

k1 = (E,0,0,E), p1 = (E,psin6,0,pcosb),
k2:(E70a077E)a pQZ(E,*pSiHG,(l*pCOSG),

with p = vV E?2 — m2. Then we have
723‘ zpsmw. (4)
spins

Thus the differential cross section is:

o a? m2\3/2
(gﬁkz @2%& 2F 53 ZMM)‘“@(l_Eif sin™6. (5)

(c)
o d?k i . [ do (p — 2k),(p — 2k),
Ot = 24 / e Y / (2m)¢ (k2 —=m?)((p — k)? —m?)
:_62/ A’k 2n, ((p = k)> —=m?) — (p — 2k),u(p — 2K),
(Qﬂ)d k:2 _ m2 ( p— k 2 _ m2)
=—¢ / = / " 2 (K24 (1= 2)%p? —m?) + (1 - 22)°pup, + 4KK"
(2m) (k"2 — A)

__ 2/ dx’ /1 da 27qu/€/2(1 - %) + 277;w((1 - 33)2])2 - m2> - (1 - Qx)qupu
' (2m)? Jo (K2 — A)2

o —ie? 1d [(17g)r(1fg)2mw
= amiz J, A2—d/2

_d
+ %(277;“/((1 - x)2p2 - m2) - (1 - 25”)2]9;1]91/)}

= (4_7_‘_i)ed/2 /0 dz ngjdg) [2((1 - x)Q - x(l - m))anHV - (1 - 2$)2pupl/]- (6)

We can symmetrize the integrand as (1 — z)? — 4 ((1 — 2)? + 2%), then we get

re-<4
oIl “V: d/2/ de —5—75— A2- d/g ( _Zx)Q(pQTIMV_pMpy)~ (7)
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2 Quantum statistical mechanics

In this problem we study the path integral formulation in statistical mechanics. The
theory can be described by the partition function:

Z = tre P (8)

where H is the Hamiltonian of the system. It is a function of the generalized coordinates
q and the corresponding conjugate momentum p. In this problem, we simply assume
the Hamiltonian has the following form:

2

H = 2an +V(q). 9)

We assume the dimension of the configuration space is d, then both ¢ and p have d com-
ponents. Then we assume the eigenstates of both ¢ and p form a complete orthonormal
basis of the Hilbert space:

d
1= @l 1= [ (10)

Then the partition function can be written as
Z= e = [ dlg(gle M), (11)

(a) Now we derive a path integral expression for the partition function. Following the
same way of deriving path integral in a quantum field theory, we separate the quantity
e PH into N factors:

e PH — o=l ... o=<H (N factors),

then inserting a complete basis between each pair of adjacent factors, as

e PH = / gy - dqn 1 (ale P lan—1) (an—1le~H ax—s) - (] |q).

Now we focus on one factors:

_ L 2 _ X __€ 2
(Giarle= Mg = (g e (TP V@) |y = o=V @) g, ) lemTm7" |gy),

and

e p? d"pi1d?pi —ep?
(gsile™ 777 |q)) = / L dTpi o pees) istle 7™ i) (prlas)

(2m)?(2m)¢

d

— / (g ])gd eip(qi+1fqi)efep2/2m _ [%] d/2efm(qi+1*lh)2/26.
7

Inserting all this into the partition function, we get:
m Nd/2 & d m(giv1 — ¢)*
Z = {%} H d%q; exp [— 9 GV(%)}, (12)
i=0

with gy 41 = qo-
Now let N — oo, then we have

7= /Dq exp [f ﬂj{dTLE(T)}, (13)
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where the integral measure is defined by

m  1Nd/2
bg = Jim, {27re(N } H & (14)

and Lg(7) is a Lagrangian in Euclidean form:
m ¢ dq \?2
Le(r) = 5 (52) + Vi), (15)

Note that the periodic integral on 7 comes from the trace in the partition function.

(b) Now we study an explicit example, a simple harmonic oscillator, which can by
defined by the Lagrangian

Lp=+¢+ 1w’ (16)
Our task is to complete the path integral to find a expression for the partition function
of harmonic oscillator. This can be easily done by a Fourier transformation of the
coordinates ¢(7) with respect to 7. Since the “time” direction is periodic, the Fourier
spectrum of ¢ is discrete. That is,

_ ﬂfl/QZeQ‘nin‘r/Bqn, (17)

Then we have:

/ dr L(r)

B

L (25 st = [ 4

m,n nez
(s
ne”Z

Then the path integral can be written as

7 = C’/dqge Buay / H dReq,dImg,, exp [f 5(47;2”2 +W2)|Qn|2:|

n>0

fards S (2 o+ st

S S ] = Sl ()T
= C'sinh ™' (Bw/2) = C’Zexp — Bw(n+ 5)]. (19)
n>0

(¢) From now on we will consider the statistics of fields. We study the statistical
properties of boson system, fermion system, and photon system.
For a scalar field, the Lagrangian is given by

Le(r) = [ & 3 [#(rx)+ (Tolrx)* + m*?(r.x)]. (20)

Following the method we used to deal with the simple harmonic oscillator, here we
decompose the scalar field ¢(7,x) into eigenmodes in momentum space:

o, 1/22e2”"”/6 / gﬂ])f e %G k. (21)
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Then the Lagrangian can also be rewritten in terms of modes, as

/dTLE(T) /deng/ dgkd3k’ ! [(2;-1)2n’n—k’~k+m2}

i2m(n’4+n)7/B+i(k+k’)-x

X O kOn’ k€

a3k 2
_ *Z/ { ﬂ +k2+m2]|¢n7k|2

- [ @y oy 74 () +ad)ion?]. 2

where wi = k? + m?. Then the partition function, as a path integral over the field

n>0

configurations can be represented by
21\ 2
Z=C [ T Reduadmonucexp | = 8( (5 ) n* + i ) I6nul? (23)
n>0,k 6

By the calculation similar to that in (b), we get

472n? 9 -t
Z:C’H wkH T_HUI{ —CHeXp[ Buwx (n + )] (24)

k n>0

—1/2

This product gives the meaning to the formal expression [det(—0? + m?)] with

proper regularization.

(d) Then consider the fermionic oscillator. The action is given by

5= [arLetr) = [ ar (3@ +wiu(). (25)

The antiperiodic boundary condition (7 + 8) = —(7) is crucial to expanding the
fermion into modes:
Yr)=p717 3 By, (26)
nez+1/2

Then the partition function can be evaluated to be

) LT RAC

ne€Z+1/2

—c I ( 27;" +w) =C(B) ﬁ (W +w?)
neZ+1/2 n=0

— C(B) cosh (1 Bw) = C(B) (512 4 e~ P12), (27)

with the form of a two-level system, as expected.
(e) Finally we consider the system of photons. The partition function is given by
Z :/DAHDI)DC exp |:/de3$ ( — %AH(?QA“ — b@QC)}

= C(8)[det(~0)] "V - det(-0?), (28)
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where the first determinant comes from the integral over the vector field A, while the
second one comes from the integral over the ghost fields. Therefore

7 = C(B)[ det(~0)]* 1, (29)

which shows the contributions from the two physical polarizations of a photon. Here we
see the effect of the ghost fields of eliminating the additional two unphysical polarizations
of a vector field.
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1 One-Loop structure of QED

(a) In this problem we show that any photon n-point amplitude with n an odd number
vanishes.

Now we evaluate explicitly the one-point photon amplitude and three-point photon
amplitude at 1-loop level to check Furry’s theorem. The one-point amplitude at 1-loop
level is simply given by

Al —itr[y# m
i = (o) [ S Al )

and the three-point amplitude consists of two diagrams:

TG (16)3/%(1){tr {Wﬂk—imyykﬁ-pj _m’yAk_;_pl -lin —m}

+tr[7#;é+p1+ip2m7Ak+pllmvuklm”' ®

(b) Next we will show that the potential logarithmic divergences in photon four-point
diagrams cancel with each other. Since the divergence in this case does not depend
on external momenta, we will set all external momenta to be zero for simplicity. For
the same reason we will also set the fermion’s mass to be zero. Then the six diagrams
contributing the four-point amplitude can be evaluated as:

(Divergent part of il'#**7)
A%k -1
= [ g [ b B R + e
+ tr [ R B RY K]+t [V B Ry B R A+ h“%v"%vp%v”k]] (3)

Now let’s focus on the first trace, which can be worked out explicitly, to be

0 [y ey By Ry ] = B2K1 RV KPR — 8K2 (k1KY g7 + KPR g™ + kPET g7 + KV KP )

*E-mail: xianyuzhongzhi@gmail.com
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FAR) (" g — 49" + "7 4. (4)

Then, we symmetrize the momentum factors according to k*k" — k2gH” /4 and kHk"kPk® —
(k2)2 (g gP? + g g¥? + gh°g¥?)/24. (Since the divergence can be at most logarithmic,

so it is safe to set spacetime dimension d = 4 at this stage.) Then the first trace term
reduces to,

4
tr [V kY K R K] = g(kQ)Q(g“”g’” —2gMPg"7 + M7 g¥"). (5)

The other five terms can be easily got by permuting indices. Then it is straightforward
to see that the six terms sum to zero.

2 Renormalization of Yukawa theory
In this problem we study the pseudoscalar Yukawa Lagrangian,
L= 5(0,9)* = $m*¢* + (i — M)y — igyr°¥o, (6)

where ¢ is a real scalar and ¢ is a Dirac Fermion.

(a) Let’s figure out how the superficial degree of divergence D depends on the number
of external lines. From power counting, it’s easy to see that D can be represented by

D =4L — Py — 2P, (7)

where L is the no. of loops, P is the no. of internal fermion lines, and P is the no. of
internal scalar lines. We also note the following simple relations:

L=Pi+P,—V+1,

2V =2P; + Ny,
V =2P,+N,.
Then we can deduce
D=4L - Py — 2P, =4(Py+ P, —V +1)— P — 2P, = —%Nf—NS. (8)

Guided by this result, we can find all divergent amplitudes as follows.

We note that we have ignored the vacuum diagram, which simply contributes an in-
finitely large constant, the potentially divergent diagrams with odd number of external
scalars are also ignored, since they actually vanish. This result shows that the original

theory cannot be renormalized unless we including a new ¢* interaction, as

6L =—2¢". (9)
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(b) Now let us evaluate the divergent parts of all 1-loop diagrams of Yukawa theory.
First we consider the two point function of scalar. The one-loop contribution to this
amplitude is shown as follows.

\ /
..... S S

The d = 4 pole of first two loop diagrams can be determined as

N fi)\/ d? i iAm? 1
2 2m)d k2 —m2  (4m)2 €’

d ; . i . i02(p? — 2
"'O" (ig>2/(§w§d tr[;é—MV F—p) - M |~ = (]()477)22M : %

(11)
From this we find the divergent part of the counterterm to be
(Am? —8¢*M?) 1 —4g% 1
Om ~ — 0p = —. 12
(47)2 €’ 7 (4m)? e (12)

Then we come to the two point function of fermion, the 1-loop correction of which is
given by the following two diagrams.

From the pole of the loop diagram

I A%k i i ig2(p — 2M) 1
-l = 92/ d'y5 75 5 5~ p 5 —, (13)
2md’ fF-—M" (k—p2-m (4m) €
we find the following counterterms:
—2¢°M 1 -2 1
Snp oo —2 7 — O ~ —2 . 14
M (4m)2 €’ v (4m)2 € (14)

The following two diagrams contribute to 1-loop corrections to Yukawa coupling and ¢*
coupling, respectively.

~<_ -
\<’
P
\ | \
- - | --=- \ |
/ N
7
/’\\\
/’ -~

Since the divergent part of diagram is independent of external momenta, we can set all

these momenta to be zero. Then the loop diagram is

N 3/ d?k -5 i 5 1 5 i 9™
/ (2m)d F—M F—M w2—m2 (47m)? €
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RN Ciy)\2 d . 9 12
O (—iX) / d*k ( i ) A i (16)
N i —m I8 €
N 2 (2m)@ \k? —m? (4m)?
N aik Y 8igt 1
_ (_ 4 5 ~ — —
() = /(gﬂ)d [ (v ;e_MH @n? e (a7

Note that there are 3 permutations for the first diagram and 6 permutations for the
second diagram. Then we can determine the divergent part of counterterm to be
31 3A2 —48¢* 1

29
% ~ (47)2 ¢’ ox (4m)2 e’

(18)

3 Field-strength renormalization in ¢* theory

In this problem we evaluate the two-loop corrections to scalar’s two-point function
in ¢* theory in the massless limit. There are three diagrams contribute in total.

o Y o

The first diagram reads

~ (=in? / ak dlq i i i
6 (2m)? (2m)¢ k2 —m?2 q2 — m? (p — k — q)2 — m?
_iA? [ d%p digp i i i
- T/ (2m)® (2m)¢ kE +m? ¢ +m? (pp — ke — qp)* +m?
i Ak 1 1 ! q re-4)
- T/ (2m) Ky +m? (4m)d/? /0 C 2+ 21— 2)(pp — kp)?P72

T2 4) /1d q
- Teamiz J, Y

/ d%p [zl = 2)]Y2 21 —y)' "I~ )/T(2 - §)
Co [(ke — ype)? +y(1 - ) + (1 -y + 25s5)m?] >

/2

')\2 1 T(3—d 1— d/2—2 1— 1-d/2
C [ gy TOZ LA o)
(4m)® Jo [y = ypE + (1 -y + 555s)m?]
Now we take m? =0 and d = 4 — ¢ — 4. Then we have
12 )2
/N _ i\ 2 \1—e¢ — i\ 2 i 2
o= 12(4@41—‘(_1"‘6)(?}5) +oe= _12(47T)4PE[6 — log(pg) + -+
N il
- = log(—p) +---]. 2
ani” [6 og(—p°) + (20)

The second diagram actually vanishes in m — 0 limit. In fact,

() _ o / %k i —isy T(1-4) o
= = xm . (21)
(

2 2m) k2 —m?  2(4m)d/2 mi-d/2
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The third diagram reads ip?6z. Therefore we can choose the counterterm 7, under the
M S scheme, to be
A2 1

87 = ————|— —log M?|. 22

2= T 2(n)t { P } (22)

Thus the field strength counterterm receives a nonzero contribution at this order. In
the massless limit, it is

ix2 M?
log —. 23

5,02 =

4 Asymptotic behavior of diagrams in ¢* theory

BY AT X

In this problem we calculate the four point amplitude in ¢* theory to 2-loop order
in s — oo, t fixed, limit. The tree level result is simply —i), and the 1-loop result can
be easily evaluated to be

. (i)\)2/ ki [ i . i . i
1 =
1 R U T e ey e g oy g Py e
.AQ
~ 2(147r)2 [3(% —7+10g4ﬂ') —logs —logt — logu| —idy
iz2 iz2
=— ()’ (log s +logt + logu) ~ fwlogs (24)

In the last step we take the limit s — oco. In this limit ¢ can be ignored and uw ~ —s.
We see the divergent part of the counterterm coefficient §, at 1-loop order is

3N 1

o (25)

A~

Now we consider the two-loop correction.

B - dttn] -l [ ]

ixe /1 1 1
~— (= -1 —1 2). 26
(47r)4( € g s+ g 8 % (26)

In the last line we only keep the divergent terms as € — 0 and s — oc.

(=N / d?kdq i i i i
I (2m)2d k2 (ps — k) ¢ (k — ps — q)?

o ﬁ d%% 1 i 1 re-4)
2 / (2m)d k2(ps — k)2 {(477)‘1/2 /0 dr [2(1 — x)(kp — p3p)?|>~4/2

— iy
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ir3 /1d re-4) / d%g 1
= —" x
2(4m)d/2 Jo T [x(1 = 2)]Pm42 | 2m) kL (pse — kE)? (ke — psp)?]2 /2
ix3 /1d re-4) /ddk / /1 Y -2 T-4)
= —F> x
2(4m)d/2 |, [z(1 — z)]2-4/2 k2 + A)A=4/2 7(2 — %)
i3 1-d/2 (
= —— [ dadyd 27
iyt | 0 s 21
where A = ys + 2p3p — (ypse + 2p3p)*.
Then we find
ixd 11 1. o
The same result for the third diagram. Then we have
(29)

3 3
— —logs+ ElogQS).

B -

Now we come to the counterterm. The fourth diagram reads

i

_(—iN)(=i6y) Ak i
Q- it
~ ' 6logsnglongqu)

A1 2
3 i _(17_

2(4m)% € (471')2 €
3N /1
NW(_ ~ 5 logs + — 3 1og s) (30)
The same result for the fifth diagram. Then we have
% log? s) . (31)

8B Q- O et

So much for the s-channel. The ¢ and u-channel results can be obtained by replacing s
with ¢t and u respectively. In the limit s — oo and t¢-fixed, we can simply ignore ¢ and

treating u ~ —s, then the total 2-loop correction in this limit is
(32)

oM =yt

The double pole 1/€2 has been absorbed by d)
In summary, we have the following asymptotic expression for the 4-point amplitude

to 2-loop order in the s — oo and t-fixed limit
(33)

oA
IM——I)\—W
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1 Spin-wave theory
(a) Firstly we prove the following formula:
(Te#®)19(0)) — (IP@)-DO), (1)

Where D(z) = (T'¢(x)¢p(0)) is the time-ordered correlation of two scalars. The left hand
side of this equation can be represented by path integral, as

ﬁ/Dqﬁ ¢i9@) e =16(0) oy [i/ddxddy%qﬁ(x)D*l(g; B Z/)d)(y)}. @)

This expression precisely has the form Z[J]/Z[0], with J(y) = 6(y — ) — 6(0). Thus we
have

219200 = 5 [ dledly J@)Dla - 9)I0) = exp [D@) - DO ()

which is just the right hand side of the formula.

(b) The operator being translational invariant O[¢(z)] = O[é(x) — a] can depend
on ¢ only through V,¢. And the only relevant/marginal Lorentz-invariant operator
satisfying this condition is 4+ p(Ve)2.

(c¢) From now on we use bold x to denote coordinate and italic = to denote its length,
x = |x|. We can use the result in (a) to evaluate (s(x)s*(0)), as

<5(X)5*(0)> — AQ <ei¢(x)e—i¢(0)> — AQeD(x)—D(O). (4)

Note that the correlation function

1 [ d%p 1 4, x

is the solution to the following equation:

—pV2D(x —y) =6V (x —y). (6)

*E-mail: xianyuzhongzhi@gmail.com
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Since D(x) is a function of the length only, namely D(x) = D(z), thus we have

p O/ 4,0 P+ 4) o)
i (T 5 PW) = g e ®

Then it’s easy to find

ra+4 1
7 d( 5 2d32 -, for d#2,
D) = ¢ M4m0 ®)
— —logu, for d=2.
2wp
Then we have
Dimension d | d = d=2 d=3 d=14
1 1 1 1
D - ——1 —
(z) 2,0:6 2mp i dmpr  4mw?px?
(ss%) ~e % N 1/1,2#/7 ~ellz L ol/a?

Since p — 0 when d — 2, the correlation function (ss*) in this case is independent of
length x.

2 A zeroth-order natural relation
We study N = 2 linear sigma model coupled to fermions:
L=30,00"0" + $1°¢'0" — A0 + (i)Y — g(¢" +1n°¢")w,  (9)
with ¢’ a two-component field, i = 1, 2.
(a) Now, under the following transformation:
o' — ¢t cosa — ¢?sina; #? — lsina + ¢ cosa; U — 6710{72/21/), (10)

the first three terms involving ¢* only keep invariant. The fourth term, as the kinetic
term of a chiral fermion, is also unaffected by this transformation. Thus, to show the
whole Lagrangian is invariant, we only need to check the last term, and this is really

the case:
— g0 (8" +1°¢%)0
gl 2[(¢! cosa — ¢ sina) + v (¢ sina + 6% cosa)]e 1" 2
= — gihe 17261 (B 1 iS5 §2)e 10 2 = —gif(¢! + 1P % )ip. (11)

(b) Now let ¢ acquire a vacuum expectation value v, which equals to \/u2 /X classically.
Then, in terms of new variables ¢ = (v + o(z), w(x)), the Lagrangian reads

L= %((%U)Q + %((%W)Q — plo? — %)\(04 +74)
-+ = do® — hvon® +9(i — gv) — g (o +iv°m)Y. (12)

That is, the fermion acquire a mass m¢ = gv.
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(c) Now we calculate the radiative corrections to the mass relation my; = gv. The
renormalization conditions we need are as follows.

T -—- = 9" at¢®=0,p*=p*=m} (13)

OT _ (14)

These two conditions fixed g and v so that they receive no radiative corrections. Then
we want to show that the mass of the fermion m; receives finite radiative correction at
1-loop. Since the tadpole diagrams of ¢ sum to zero by the renormalization condition
above, the fermion’s self-energy receive nonzero contributions from the following three
diagrams:

The first two 1-loop diagrams can be evaluated as

o [ A% i _ g [ A% op+my
(e) = (—ig) / 27)‘”{7 mf(k—p)2—2u2 / /d /{’27)

9_4d
= d/2/ dx AP d/2) (wp+my)

B (zjr)z/o dz (zp +my) | 2 —7+10g4ﬂ—1°gA1] 19)

_ d?k i i d% [t ap—my
0= [ P i -¢ [ <27r>d/o WA,

i 02 1 re-4)
ig g
= d —
(47T)d/2/0 z AZ=/? (xp —my)

){% — v+ log 4w — logAg}. (16)

This leads to

22

(e) + (f) = (;%2 /01 dz {pr[f — v+ logdr — + log(A1A2)} +my log ij} (17)

We see that the correction to the fermions mass my from these two diagrams is finite.
Besides, the third diagram, namely the counterterm, contributes the mass’ correction
through d4v. The the total correction to my is finite only when J, is finite. Let us
check this by means of the first renormalization condition (13) stated above. The 1-loop
contributions to (13) are as follows.
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’
’
—— — ———’ ————
N
N
N

0= s | S
-7 [ (-knta@f<)&5(—%$@m> - | G TG
o f i et = s [ e
(‘(Z;Y)Z/Oldz [2 5 +logdm ~log A, (18)

dk i i i
b 3/ 5 5 5
() e F=m; ) Fm; =pr =2

=g
=—ig" [ (Si]; (Z; (_Mzn)lzf()(?:(_%ptzﬂif;lz) =i’ (37?; <k2—m§>(<k1—p>2—2u2>
~ig' [ (ddk, / e G ag = (4;?3/52 /old”‘" ng—_d/%)
- ijf 01 Az [2 — 5+ log 4 — log A, (19)
(c) = (~ig)g(~ 21Av)/(dd]; 77 imf( ). 2Tk ip)
:4ig2mw5/ dk/ x/ol x x/;y pAt;nf
_ 2g2)\v'y / / (ar+yzz+mf (20)

d% i i i

<d):<‘ig)g(‘2““)/ @n)iF—my ! <k DE 22 (k- p)?

1—x
o s (z+y)p+my
= 4ig” vy / / / (72— Ag)?

= (21)
A
Thus,
5 1 11—z m2
(a) + (b) + (c) + (d) = (ZZ)Q /O dx[gzlogi—i—i—él/\ /O dy Tﬂ (22)

3 The Gross-Neveu model
The Gross-Neveu Model is a theory of fermions in 1 4+ 1 dimensional spacetime:

L = Pidp; + £ 9% (i), (23)
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with ¢ = 1,--- , N. The gamma matrices are taken as v° = o2, v! = i0', where ¢’ is

the familiar Pauli matrices. We also define v° = 409! = o3.

(a) The theory is invariant under the transformation v; — °;. It is straightforward
to check this. We note that:

% = 9Ir° = 9l =~ (24)
thus:
L — = 0PiV P + 5 9% (=i i)
= Pid; + 5 9% (Vihi)*. (25)
However, a mass term will transform as m;1;1; — —m;;1;, thus a theory respecting
this chiral symmetry does not allow such a mass term.

(b) The superficial renormalizability of the theory (by power counting) is obvious since
l9] = 0.

(c) The model can be phrased in another equivalent way:
7 = /D@Dz/ﬂ)a exp [i/d% (Viidy; — ﬁﬁ - awiwi)]. (26)
This can be justified by integrating out o,

/Doexp [i/de(—Q;f —awiwi)} — Nexp [i/d%gj(wiwi)ﬂ. (27)

which recovers the following path integral:
= [Dipvess i [ @ (v + L) (28)

(d) We can also integrate out the fermions ; to get the effective potential for the
auxiliary field o:

/ DYDY exp {i / 4% (Piid; — azﬁm)] = [det(ip) — 0)]" = [det(9? + o)™

= exp [/ ((2:127T]§2N10g(k2 + 02)} (29)

The integral is divergent, which should be regularized. We use the dimensional regular-

d%pg 5 d%g 1
/(2 T N lo (kE—i—o N/ [80[1@2—#02} B

, —d/2 d/2
ot LAl 0

ization:

Now we set d =2 — € and send ¢ — 0,

d%kg iNo?
/(2 T ng(kE+J)— pp (6—’y+log47r—logo +1) (31)

Thus the effective potential is

1 N o?
V:sﬂf( ) FO' + EO’ <1Og‘u2 — 1) (32)

by modified minimal subtraction.
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(e) Now we minimize the effective potential:

Ve 1 N 2
= f _ s + —olog —02 , (33)
I

0
do g2 27

and find nonzero vacuum expectation values (o) = +pe"/ 9°N_ The dependence of this
result on the renormalization condition is totally in the dependence on the subtraction
point .

(f) There is a well-known result that the loop expansion is equivalent to the expansion
in powers of A. This is true because the integrand of the partition function can be put
into the form of ¢'5/". That is, h appears as an overall coefficient of the action. In our
case, we see that the overall factor IV plays the same role. Thus by the same argument,

we conclude that the loop expansion is equivalent to the expansion in powers of 1/N.
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1 Beta Function in Yukawa Theory

In this problem we calculate the 1-loop beta functions in Yukawa theory. All needed
ingredients have been given in Problem 10.2 Here we list the needed counterterms:

3y = 2(2;) (i ~log M2>; (1)
5y = _(igrz) <§ - logM2>; (2)
5, = (57;2 <f —log M2>; (3)
Sy = W (3 —log MQ). (4)

Here A is the UV cutoff and M is the renormalization scale. Then, the beta functions
to lowest order are given by

0 5¢°
Bg:Mw(_ég+%go5¢+go5w) :W; (5)
0 32 + 8\g? — 484*
Br= My ( Y 2)\05¢) - 7 . (6)

2 Beta Function of the Gross-Neveu Model

We evaluate the [ function of the 2-dimensional Gross-Neveu model with the La-
grangian
L =0 (id)0; + 5 9% (Wi:)?, (i=1,---,N) (7)
to 1-loop order. The Feynman rules can be easily worked out to be
ia ——— 3= (i) 5.
k K/ s

*E-mail: xianyuzhongzhi@gmail.com




Notes by Zhong-Zhi Xianyu Solution to P&S, Chapter 12 (draft version)

ko~ 16
= 1g%(6:j0ke€8a€sy + 0it0jKEs0€s)
1o JjB

Now consider the two-point function Fg)(p). The one-loop correction to FE?)(p) comes
from the following two diagrams:

i—DQD—j + i ——R——

It is easy to see the loop diagram contains a factor of [ A2k tr [}671], which is zero under
dimensional regularization. Thus the wave function renormalization factor receives no

contribution at 1-loop level, namely d, = 0.

Then we turn to the 4-point function Fl(?,)d. There are three diagrams in total,

namely,

Ky 0
ky 05 2) Ey
i iB 1o jB
i JB
(a) (b) (c)

We calculate them in turn. The first one:
. d?k i
(a‘) = (192)2 / W(émnakéeévew’é’ + 5nZ6mk€66’6'y’7)(%>5/ﬁ/

i
X (5ij5mn5,8/o/€ﬁa + 5in6jm5,8/o¢€,ﬁo/) (%) .
a’y

4 L " Ak 1
= ' (2N + 2)disducssepn + $0udin(salnon) [ Gyite O

The second diagram reads:

1. d% i
(b) = 5 (ig?)? / W((Smjénéeéﬁ’eﬁﬂ’ + Smednjesp €psr) <%)

i
X (6im5kneo/o¢€'y/'y + 5i716km€’y’a€o¢”y) (7%‘)5’ ,
- 2

B/a/

4 d
T 97 (6”5’“4(7“)6v(w)ﬁa + 61-/55]-,1(7“)5&(7#)&7) /((21771;1132 (9)

The third diagram:

. d’k i
©=? [ (2 Omadnkes ey + Smmbinerprean) ()

i
X (6imdéneéé’ea’a + 5i£§mnea/6’ Eéa) (%)5/ ,
~

Bla/

Ak 1
(2m)d k2

:g4<%5ij5ké(7")57<7ﬂ)ﬁa +(2- 2N)5i25jk€ﬁ»y€5a> /
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Summing up the three diagrams and using dimensional regularization with d = 2 — ¢,

we get
d% 1
— 294(N — 1)(5”5“657650( + 5i45jke5765a) / Wﬁ
2(N —1)ig* 2
~ % (61]6M€5W€Ba + (5lg(sjk€5,y€5a) (11)
Only the divergent terms are kept in the last expression, from which we can read the
counterterm o ) A
_ —1)g" 12 2
Thus the § function is
0 (N —1)(g*)?
=M (=0,) = — 13
Ble?) = M (=,) R, (13
and (N 1)g°
—1
Blg) = 5 (14)

27
It is interesting to see that the 1-loop S function vanishes for N = 1. This is because
we have the Fierz identity 2(¢1)(¢)) = —(y*4)(¢y,1), and the Gross-Neveu model
in this case is equivalent to massless Thirring model, which is known to have vanishing
[ function.

3 Asymptotic Symmetry

In this problem we study a bi-scalar model, given by the following Lagrangian:
£ = 5(0u61)” + @ud2)’) — 3 (01 +03) — 0103, (15)

(a) First, we calculate the 1-loop beta functions ) and (,. The relevant 1-loop
diagrams for calculating () are:

V== 0-V-4

The relevant diagrams for calculating 3, are:

g XA X

Here the single line represents ¢, and double line represents ¢o. Since the divergent
parts of these diagrams are all independent of external momenta, we can therefore
simply ignore them. Then it’s easy to evaluate them, as follows.

_ (*D‘)Z d* i i ix2 2
Ei_ 2 /(2w)4ﬁﬁNW? (16)
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1p/3 d4k i ip? 2 (17)
(271')4 k2 k2 18(4m)? €

The t-channel and u-channel give the same result. Thus we can determine ), to be

9N+ p? 2

Sy ~ S (18)

On the other hand,

1p/3) dk i i ixp 2
;i ;i /(2@4172@” 6(4m)2 ¢ (19)
i i
>©< = @\ (ip/3)2/((217r])€4k52k2N9(f7r) = (20

Then we have

3p+2p* 2
3(4nw2) €

It’s easy to see that field strengths for both ¢; and ¢y receives no contributions from

8, ~ (21)

1-loop diagrams. Thus the 1-loop beta functions can be evaluated as

déy  3X2+4p?/3

=— = 22
ds,  2\p+4p?/3
= = 23
BP K d/,l, (471')2 ( )
(b) Now we derive the renormalization equation for p/A:
b (2) = 28, Lo = oL [ (o0 + o)) - 8], (24
dpu \ A A ( )2
Then it is easy to see that p/A =1 is an IR fixed point.
(¢) In 4 — e dimensions, the 8 functions for p and A are shifted as
3N2 +p?/3
=—eA+ ———5—; 2
ﬂA € + (47T)2 ) ( 5)
2Xp + 4p?/3
_ 2
Bp Ep + (471_)2 ( )

But it is easy to show that the terms containing e cancel out in the 8 function for p/A,
and the result is the same as (24). This is true because p/\ still remains dimensionless
in 4 — € dimensions. Therefore we conclude that there are three fixed points of the RG
flow for p/A at 0, 1, and 3. We illustrate this in the diagram of RG flow in the p-A plane,
with the deviation of dimension € = 0.01, in Figure 1.
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0.4

-
0.2 k—/ .

0.0t ° 4

Figure 1: The RG flow of the theory (15) in 4 — ¢ dimensions with ¢ = 0.01. Three
nontrivial fixed points are shown by blue dots.
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1 Correlation-to-scaling exponent

In this problem we consider the effect of the deviation of the coupling A from its fixed
point to the two-point correlation function G(M, t) in d = 4—e dimensions. Symbolically,
we can always write

GALY | 5, (1)
oA A=A

G(M,t)=G.(M,t)+
where X is the running coupling, defined to be the solution of the following renormal-
ization group equation:

d 28
dlogu)\_ d—2+4+2vy(\) 2)

As the first step, let us expand the § function of A around the fixed point, as

s =80+ LY a)ro- )
A=y
=wA =)+ O((A = A)?). (3)

Then the renormalization group equation reads

d - 2w(A — A, <

Ko 2 ) ¥ ), (4)
dlog i d—2+2v(\) I6;
where 8 and v on the right hand side are critical exponents, which in our case are defined

to be

B_d—2—|—27()\*) _ 1

T Az ) SEFETPw)
Don’t confuse the critical exponent 8 with the § function. Now, from this equation we
can solve the running coupling A to be

- - wr/B

A=A+ (Muo) — ) (ﬁ) . (5)
Ho

Now let pg be the scale at which the bare coupling is defined. Then we get

S o (A — N )pev/B. (6)

*E-mail: xianyuzhongzhi@gmail.com
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2 The exponent n

We have found the counterterm 6z to O(A?) with MS scheme in Problem 10.3, to
be

§, = L . log M? (7)
27 T 12(4m)t | € 8 '
Then the anomalous dimension v to O()\?) is given by
1 0 A2
= 7M7 = .
7= MG = Ty ®)

This result can be easily generalized to the O(NN)-symmetric ¢* theory, by replacing the
Feynman rule of the ¢* coupling —i\ with

—21\(6¥ 6K 4 §PR 5T 4 55k,
which is equivalent to multiplying the diagram (??) by the following factor:
A (800 4 5™ 4 5T R (§TR T 4 6705H ™ 4 67T GRY) = 12(N +2)6Y,  (9)
and the anomalous dimension (8) obtained above should be multiplied by 12(N + 2),
which leads to
)\2

7:(N+2)W, (10)

which is the same as (13.47) of Peskin&Schroeder.

3 The CPYN model

(a) The Lagrangian of the CPY model can be written as
1 2 * 2
£=—( Ylousl = | Y 50| ), (11)
TN j
with z; (j =1,--- N + 1) the components of a vector in (N + 1) dimensional complex

> l5lt=1 (12)

space, subject to the constraint

and the identification
(%21, € %2n41) ~ (21, , 2N 41)- (13)

Now we prove that the Lagrangian given above is invariant under the following local
transformation:
zj(x) — €@ 2 (x), (14)

as,
g*L — |8M(ei°‘zj)’2 + |eii°‘zjau(ei°‘zj)|2
- (|a#zj|2 +10,0]% + 2Re( — i(aua)z;(’?#zj))
- (\z;auzj|2 + 0,02 + 2Re( — i(@ua)zizfz;‘auzj))
= ¢°L. (15)
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Then we show that the nonlinear ¢ model with n = 3 is equivalent to the C PN
model with N = 1. To see this, we substitute n* = z*¢’z into the Lagrangian of the
nonlinear sigma model, £ = 55[9,n'[?, to get

2

£=3p ’(5‘ Z)o'z + 2700,z
- 2*;2‘“‘“ [200,2")(0"2)2"2 + (0,2)22"2 + (9,2)%27]
— 27;201'01' [2(8%*)(&#2) + (240 + Zaﬂz*)2 B 2(2*3“2)(,28”2*)]
- 27;20%# [200,2")(0"2) + [0u(=" ) = 2(="0,2) (202" . (16)

Then after a proper normalization of the field z, it is straightforward to see that the
Lagrangian above reduces to

L= (|a 22— 2]2°9,.2] ) (17)

Qw‘ —

which is indeed the C' P! model.

(b) The Lagrangian (11) can be obtained by the following Lagrangian with a gauge
field A, and a Lagrange multiplier which expresses the local gauge symmetry and the
constraint explicitly:

A Do a1 —
L= (IDusl = A= - 1)), (18)

with D, = 0, +1iA4,. Now let us verify this by functionally integrating out the gauge
field A, as well as the Lagrange multiplier \ to get

Z :/DQZZ-DAMD/\ exp [912 /d2x <|Duzj|2 = A(Jz? = 1))}
:/DinDAM(S(sz\Z — 1) exp [ /d z|D, ZJ|2:|
g°
:/'D2ZiDAH5(|Zj‘2 — 1) exp [g /d2 (A“A” + 214" (0u27 )2 + |6#zj|2)]
=N [ D*2 (%> -1 L @2x (10,5 — |20,51) 19
=N [ D2ab(5P = e | 5 [ (10,5 - 150.51) | (19)
(c) On the other hand one can also integrate out z; field in the Lagrangian (18), as
i
:/DziDAuDA exp {g2/d2x (\Dl,,zj|2 = M|z ? = 1))}
:/DAM’D/\ exp [— Ntr log(—=D? — \) + g% /de /\} (20)

We assume that the expectation values for A, and A are constants. Then the exponent
can be evaluated by means of dimensional regularization, as

iS= —Ntr log(—D2—)\)+%/d2x)\
g

[ N/ _log (k% + A, A" — X) + gx} v@
g



Notes by Zhong-Zhi Xianyu Solution to P&S, Chapter 13 (draft version)

N M? 9 1
1 - _r _ . v®
:>1|: 4ﬂ_<log)\_A2+1)()\ A)+g2/\} Vi, (21)
where V) = f d?z, and we have used the M S scheme to subtract the divergence. Now

we can minimize the quantity in the square bracket in the last line to get

A, =0, A:M%xp(—g‘%). (22)
(d) The meaning of the effective action S is most easily seen from its diagrammatic
representations. For instance, at the 1-loop level, we know that the logarithmic terms in
the effective action is simply the sum of a series of 1-loop diagrams with n > 0 external
legs, where the number of external legs n is simply the power of corresponding fields in
the expansion of S. Therefore, to the second order in A and in A, the effective action is
represented precisely by the following set of diagrams,

O O e

where the dashed lines represent A, curved lines represent A,,, and the internal loop are
z field. Then it is straightforward to see that the correct kinetic terms for A and A,
are generated from these diagrams. That is, the gauge field A, becomes dynamical due
to quantum corrections. The gauge invariance of the resulted kinetic term F),,, F*" can
also be justified by explicit calculation as was done in Problem 9.1.
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1 Brute-force computations in SU(3)

(a) The dimension of SU(N) group is d = N? — 1, when N = 3 we get d = 8.

(b) TIt’s easy to see that t, % ¢3 generate a SU(2) subgroup of SU(3). Thus we have
fik = €k for i, §,k = 1,2,3. Just take another example, let’s check [t6,7]:

10, ¢7) = i(— 5% + L349),

thus we get
f678 _ V3 f673 _

1
2 2"

Then what about £376?

G R S R )
(¢) C(F)=+. Here F represents fundamental representation.

(d) Co(F)=+4,d(F)=3,d(G) =8, thus we see that d(F)C3(F) = d(G)C(F).

2 Adjoint representation of SU(2)

The structure constants for SU(2) is f*¢ = €2 thus we can write down the repre-
sentation matrices for its generators directly from

(t}é)ac — ifabc — ieabc.

More explicitly,

00 0 0 0 i 0 —i 0
te=10 0 —il, tZ=10 o o, =i o o, (1)
0 i 0 —-i 00 0 0 0

*E-mail: xianyuzhongzhi@gmail.com
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Then,
C(G) = tr(tgte) = tr(tgtd) = tr (t4ts) = 2,

Co(G) Iz = thte + 212 + 1318, =2I; =  Cy(G) =2.

Here I3 is the 3 x 3 unit matrix.

3 Coulomb potential

(a) We calculate vacuum expectation value for Wilson loop Up(z, z), defined by

Up(z,2) = exp { ie 7{3 dx"A#(x)} . 2)

By definition, we have

(Up(z,2)) = / DA, exp [iS[AM] e 7{3 dx“AM(:c)], 3)
" Sl = [t [~ LR P - (0" 4,2). @)

Thus (Up(z, z)) is simply a Gaussian integral, and can be worked out directly, as

Wr(esa)) = o[ - g (e f ar) (1o f ) [k S ]

Here we have set £ — 0 to simplify the calculation. Working out the momentum integral,

(Up(2,2)) = exp {— ;%yidx“}idy” ﬁ} (6)

The momentum integration goes as follows

/ d4k efilv(xfy) / d4kE eikg(xfy)

(2m)* k2 +ie (2m)* —k%

Lo [ [Cavsin [Tavsto [T ansrp
= —— sin sin pky———
2m)* Jo 0 0 0 g —k%

= : dkg ke / df sin? geikelz—ylcos?
0

we get

T
i o Jl(kE|fL'*y|) i

= —— [ dkgk = : 7
ar? Jy T kgle —y] Am?(x — y)? ™

Where Ji () is Bessel function and we use the fact that [~ dz Ji(z) = 1.

(b) Now taking a narrow rectangular Wilson loop P with width R in 2! direction
(0 < 2! < 1) and length T in 2° direction (0 < 2° < T') and evaluate (Up). When
the integral over dz and dy go independently over the loop, divergence will occur as
|z — y|? — 0. But what we want to show is the dependence of (Up) on the geometry of
the loop, namely the width R and length T', which should be divergence free. Therefore,
when 7' > R, the integral in Wilson loop is mainly contributed by time direction and
can be expressed as

22 (T 010, 1
e =ew |- ooy [ ae [Cap |, )
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and we have add a small imaginary part to the denominator for the reason that will be
clear. Carry out the integration, we find

T 0 .
1 Tsr 2T T iT

d ()/ d 0 " h( ):7__

A ! T Y (20 —y0)2 — R2 —ie R arctatl R +ie T R

Therefore,

52

le 5
(Up) = exp (1o - T) = VT, (9)

which gives the familiar result V(R) = —e?/4nR.

(c¢) For the Wilson loop of a non-Abelian gauge group, we have

Up(z,2) = tr{Pexp [—ig}idxmz(x)t;f}}, (10)

where t¢ is the matrices of the group generators in representation r. We expand this
expression to the order of g2,

2.2) = tr _ g2 M VA% (g b r asb 3
Up(z,2) = tr (1) — g ﬁd ﬁdy A%(2) A% () tr (£222) + O(¢°)
- tr(l)[l -Calr) f @t f dy“A;z(:c)Al;(y)] Lo, ()

Compared with the Abelian case, we see that to order g2, the non-Abelian result is
given by making the replacement 2 — g2Cy(r). Therefore we conclude that V(R) =
—g?Co(r) /47 R in non-Abelian case.

4 Scalar propagator in a gauge theory

In this problem we study very briefly the heat kernel representation of Green func-
tions/propagator of a scalar field living within a gauge field background.

(a) To begin with, we consider the simplest case, in which the background gauge
field vanishes. Then we can represent the Green function Dg(x,y) of the Klein-Gordon
equation, defined to be

(0% +m*)Dr(z,y) = -6 (z — y) (12)

with proper boundary conditions, by the following integral over the heat kernel function
D(z,y,T):

Dele,y) = [ AT Dy, T). (13)
0
The heat kernel satisfies the following “Schrodinger equation”:
0
i~ (0 mQ)} D(z,y,T) = id(T)d™@ (z — y). (14)

The solution to this equation can be represented by

4 41,
D(z,y.T) = {ale " HT]y) = / (;17’;%<x|k><k|em|k'><k'|y>

4 4
_/ d*k  d*kK’ e,i(,k2+m2)Tefik-z+ik'-y(27.‘.)45(4)(k_k-/)
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d4k i(k2—m? —ik-(x—
S G (15)

with H = 0% + m?2. Integrating this result over T', with the +ie prescription, we recover
the Feynman propagator for a scalar field:

> d'k —ik-(z—y) > i(k2—m2+ie)T
dT D(z,y,T) = 7€ dT e
0 (2m) 0
_/ d4k’ iefik-(zfy) (16)
( —.

2m)* k2 —m? + ie

(b) Now let us turn on a background Abelian gauge field A, (). The corresponding
“Schrodinger equation” then becomes

[ia% - ((aﬂ —ied, ()’ + mQ)] D(z,y,T) = i6(T)d® (z — y), (17)

the solution of which, (z|e =T |y)

(e g) = 1im / H(dxl v exp { —1A1[ (8, — ied, (@) + }}‘xi_ﬁ),

, can also be expressed as a path integral,

(18)
where we have identify * = zn, y = o, and At = T/N. Then,
<xi|e—iAt[(BM—ieAu(x))2+m2] |1'i71>
4
_ / ((; k)ﬁ (;|eTIAUO AL @O b oy (| mIA 10" Au(@) =A@ )
m
B /(24]{; <l'l| —iAt[—kIteA, (;cl)k”+m2]|k ><k} |e—1At[ek‘ Au(zio1)—e? A% (xi— 1)]|£L' >
m
— /(d4k;14 efiAt[fk:?Jrek}i~(A(Ii)+A(CE7;71))782A2(Ii71)+m27i6]e*iki-(mifibifl)
2w
AL (@ — @ 2
= Cexp { lT (fol +eAx;) + eA(:Ei,l)) —iAt(m? — €2A2(£L'i1))]
1At dx\2 d
= Cexp { IT (d—f) —iAteA(x) - d_atc - iAth]. (19)

In the last line we take the continuum limit, and C is an irrelevant normalization con-
stant. Then we get

D(z,y.T) = | Dz exp [—i/OTdt ((i—f)ngmQ) —ie/OTd:c(t)-A(:v(t))] (20)

5 Casimir operator computations

(a) In the language of angular momentum theory, we can take common eigenfunctions
of J2 =3, T°T* and J, = T? to be the representation basis. Then the representation
matrix for T2 is diagonal:

t 7dla'g( 7.7+1 a]f]-a])
Thus

r (t33) = Z m? = LG+ 1)(2j +1).

m=—j
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Then we have
tr(tped) =Y w(the]) = 3> il + 12 +1) = Cr),
which implies that

3C(r) = Zji(ji +1)(2j; + 1). (21)

(b) Let the SU(2) subgroup be spanned by 7%, T and 7. Then in fundamental
representation, the representation matrices for SU(2) subgroup of SU(N) can be taken

tﬁ\,( 7i/2 O2x(N—2) ) (22)

as

Ov_2)x2 Ov—2)x(nv—2)

Where 7; (i = 1,2,3) are Pauli matrices. We see that the representation matrices for
SU(2) decomposes into a doublet and (N — 2) singlet. Then it’s easy to find that

CN)=1+(3+E+1D(2- 2+ +1) =1, (23)

by formula in (a).

In adjoint representation, the representation matrices (t*),5 = if*® (a,b=1,--- , N?—
1, ¢ =1,2,3). Thus we need to know some information about structure constants. Here
we give a handwaving illustration by analyzing the structure of fundamental representa-
tion matrices a little bit more. Note that there’re three types of representation matrices,

listed as follows. For convenience, let’s call them t4,tp and t¢:

tA _ ( A2><2 02><(N—2) ) ) (24)

Ov—2)x2 O(v—2)x(n-2)

A Bax (-
tg = o 2%2 . 2x(N-2) . (25)
(N=2)x2 J(N—=2)x(N-2)
po_ [FE@ L Oy (26)
O(n—2)x2 C(N-2)x(N-2)

In which, ¢4 is just the representation matrices for SU(2) subgroup. Thus we see that
there are 3 t4, 2(N —2) tp and (N — 2)? t¢ in total. It’s also obvious that there is no
way to generate a t4 from commutators between two tc or between a tp and tc, the
only way to generate t4 are commutators between two t4 or between to tg. Then, t4
commutators correspond to the triplet representation os SU(2) subgroup, and 2(N —2)-
tp commutators correspond to the doublet representation of SU(2). In this way we
see that adjoint representation matrices for SU(2) subgroup decompose into 1 triplet,
2(N — 1) doublets and (N — 2)? singlets.
Then we can calculate C(G), again, by using formula in (a), as:

C(G)=+10+1)2-1+1)+2(N-2)- (3 +D2-++1)]=N. (27
(¢) Let U € SU(N) be N x N unitary matrix, S be a symmetric N x N matrix,

and A be an antisymmetric N x N matrix. Then we can use S and A to build two
representations for SU(N) respectively, as

S—sUsut, A—-uvAUT.
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It’s easy to verify that they are indeed representations. Let’s denote these two rep-

resentation by s and a. It’s also obvious to see that the dimensions of s and a are
d(s) = N(N +1)/2 and d(a) = N(N — 1)/2 respectively.
Accordingly, the generator 7% acts on S and A as:

S =TS+ S(T, A—=T*A+ ATYT. (28)
To get Ca(s) and Cy(a), we can make use of the formula
d(r)Ca(r) = d(G)C(r). (29)

Thus we need to calculate C(r) and C(a). By formula in (a), we can take an generator
in SU(2) subgroup to simplify the calculation. Let’s take

3 = Sdiag(1,—1,0,---,0),

Then we have:

2511 0 513 .. Sln
S11 - Sin . 0 2895 Sog -+ Sop
S=1: . = B85+ 850 = Y Ss1 Sz 0 -~ 0
Sni Shn '
Snl Sn2 0 . o 0
0 A - Ary, 0 0 A - A,
0 0 Ass -+ Aap
A O 3 syt L4 A 0 ... 0
A= — tNA+A(ty) = 5 | A A=
Anl e An,n—l 0 Anl An2 0 o 0

Thus we see that the representation matrices for 72, in both s representation and a
representation, are diagonal. They are:

tgzdiag(l,o,%~~,%,1,%,~~~,%, 0;"'70 ), (30)
—_— Y
N-2 N-—2 (N=2)(N-1)/2
tizdiag(o,%,~~,%, 0,---,0 ) (31)

R , ——
2(N—2) (N—-2)(N-3)/2

Here we have rearrange the upper triangular elements of S and A by line.

Then we get
C(s) = tr(£2) = L (N +2); (32)
Cla) = tr(i3)? = T(N ~2). (33)
Then,
_d@)C(s)  (NP-1)(N+2)/2  (N-1)(N+2)
e R (o
_d(G)C(a) = (N>-1)(N-2)/2 (N+1)(N-2)
Gl == " N NN-D2 N ' (35)
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At last let’s check the formula implied by (15.100) and (15.101):

(Ca(r1) + Ca(re))d(r1)d(rs) = Z Ca(ri)d(ri), (36)

in which the tensor product representation ry X ro decomposes into a direct sum of
irreducible representations r;. In our case, the direct sum of representation s and a is
equivalent to the tensor product representation of two copies of N. That is,

N x N = s+ a.

Thus, we have,

N2 _1 N N2 _1
2N 2N

(Co(N) + Co(N))d(N)d(N) = | | V2 = v -1y,

and

Ca(s)d(s) + Ca(a)d(a) = [C(s) + C(a)]d(G) = N(N?* —1).

Thus formula (36) indeed holds in our case.
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1 Arnowitt-Fickler gauge

In this problem we perform the Faddeev-Popov quantization of Yang-Mills theory in
Arnowitt-Fickler gauge (also called axial gauge), namely A3* = 0. More generally, we
may write the gauge condition as n,A"* = 0 with n* an arbitrary space-like vector of
unit norm (n? = —1). The condition A3® = 0 corresponds simply to the choice n# = gH3.
This gauge has the advantage that the Faddeev-Popov ghosts do not propagate and do
not couple to gauge fields, as we will show below.

Our starting point, the partition function, reads

T

Z = /DAM §(n - A%)eS1Au] det ( (1)

with § = —1 [d*z (F;}V)2 the classical action for the gauge field, and the Faddeev-Popov

determinant is given by

det (%) = det (énua"éab — f“bchA“c>

:/Dchexp {i/d‘lxb“(n#a“éab - f“bchA“c)cb . (2)

When multiplied by the delta function d(n - A%), the second term in the exponent
above vanishes, which implies that the ghost and antighost do not interact with gauge
field. Meanwhile, they do not propagator either, since there does not exist a canonical
kinetic term for them. Therefore we can safely treat the Faddeev-Popov determinant
as an overall normalization of the partition function and ignore it. Then, the partition
function reduces to

1 1
1 : 4 - a2 _ _— LAY
Z—gi%/DAueXp[l/dx( T(F) 25@;1))]
— 1i : 4 1 v 92 v 1 v
= %%/DAH exp [1/d x(;AZ(gl 04 — 19 — ?n“n )Aff

o gf“bc(a,iA?\)A"bA’\c _ %ngeabfGCdAZAgAKCAAd>:|~ (3)

*E-mail: xianyuzhongzhi@gmail.com
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where we have convert the delta function d(n - A%) into a limit of Gaussian function.
Then we see that the three-point or four-point gauge boson vertices share the same
Feynman rules with the ones in covariant gauge. The only difference arises from the
propagator. Let us parameterize the propagator in momentum space as

DM (k) = Ag"” + Bk k" + O (kFn” + nPk”) + Dn¥n”. (4)

Then, the equation of motion satisfied by the propagator,

—(g"k* — k"EY + %n“n”)DM(kz) =igh (5)
gives
i 1— €k 1
A=—— B=——-20C C=—-——A D =0. 6
k2’ k-n k-n" (6)

Note that the gauge fixing parameter £ should be sent to 0. Therefore the propagator
reads

i kPt EY kEnY + kVnH
- ) ()

D(k)™ = k2 (gw B (k- n)? k-n

2 Scalar field with non-Abelian charge

(a) Firstly we write down the Lagrangian for the Yang-Mills theory with charged scalar
field, as

1
L==(F)" + (Du0) (D"9), (8)
where the covariant derivative D,¢ = (a,t + igAZtﬂ)cZ) with t¢ the matrices of gauge

group generators in representation r. For simplicity we ignore the possible mass term
for the scalar. Then, it is straightforward to derive the Feynman rules for this theory by
expanding this Lagrangian. The rules for the propagator and self-interactions of gauge
boson are independent of matter content and are the same with the ones given in Figure
16.1 in Peskin&Schroeder. The only new ingredients here are the gauge boson-scalar

field interactions, which generate the following Feynman rules:
@ v,b

\LHHIf = igA(Eel + )",

1, a

S NP2 —igty (p1 — p2)",
7
P AR N

~

(b) To compute the 8 function of coupling g, we introduce some additional Feynman

rules involving counterterms:
ap

YR N - 7ig51t?(p1 *pQ)Mv
P1 N D2
// L N

7
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- @ -®—— = ip?dy — i0pp,
p —

ap bv

AN = fi5ab53(p29w)fp“py).
p —

Then the 8 function is given by

0 1
B:gMa—M(—51+52+E(53). (9)

To determine the counterterms, we evaluate the following relevant 1-loop diagrams.
But the calculations can be simplified a lot if we observe that the combination §; — d2
is determined by pure gauge sector, and is independent of matter content. This may be
most easily seen from the counterterm relation §; — da = 0f — 05, where the right hand
side comes from ghost contribution which is a pure gauge quantity. We will demonstrate
this counterterm relation explicitly in the next problem for fermionic matter. Therefore,
we can borrow directly the result of Peskin & Schroeder, or from the result of Problem
16.3(a),
g 2 2

81— 0y = —WCQ(G)(? ~log M ) (10)
On the other hand, d3 can be found by evaluating the loop corrections to the gauge
boson’s self-energy. The contributions from the gauge boson loop and ghost loop have
already been given in eq.(16.71) in Peskin&Schroeder, while the rest of the contribu-
tions is from the scalar-loop, and is simply the result we have found in Problem 9.1(c),
multiplied by the gauge factor tr (t2t2) = C(r) and the number of scalar ns. Combining
these two parts gives the divergent part of ds:

2
_ 9 (5 1 2 g M?
53 = (M)Q[SCQ(G) n.C(r)] ( = —log M ) (11)
Then it is straightforward to see that
3
__9 (4 1
f= T4y ( = C2(G) - 3 n.C(r)) (12)

3 Counterterm relations

In this problem we calculate the divergent parts of counterterms in Yang-Mills theory
with Dirac spinors at 1-loop level, to verify the counterterm relations, which is a set of
constraints set by gauge invariance. To begin with, let us rewrite the Lagrangian in its
renormalized form, with counterterms separated, as

L=— 19,48 — ,A%)?2 + G (i) — m)y — 0>
+ g ALyt — g f°(0, AL) A A
_ %92(feabAZAg)(fechcpAdu) B géafabcap,(Azcc)
— L55(0, A% — 0, A%)2 + P(i62P — 6,0) 0 — 55807
+ 9o ALy — 9877 FUU (D), AL) Ay A
— LoLI (e AL AL (LA AW — g foe0M (AL, (13)
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Then the counterterm relations we will verify are
01 — 02 = 859 — 03 = 2 (617 — §3) = 65 — 35, (14)

Note that §; and 3 have been given in (16.84) and (16.77) in Peskin&Schroeder. Here
we simply quote the results:

g 2 2
(51 = — (47-()2 I:CQ(’I") + CQ(G)] (: — 10gM )7 (15)
g 2 2
Therefore,
g° 2 2
(51 — (52 = _(ZLT)QC2(G)<? — IOgM ) (17)

(a) Firstly let us check the equality 61 — d2 = §§ — §5. The 1-loop contributions to §¢
come from the following three diagrams:

bu
€ A 8.

The first diagram reads

d% —i i i
_ \3 rade rebf pfdc - . — k™ —k
( g) f f f /(27T)d kg (p1 7]{3)2 (p2 7]{3)2 pQ(pQ ) (pl )V
[ A% kM(ps -k 1 [ A1
- _ QSfadefebfffdc/ (QW)d (k; ) _ _Zg3fadefebfffdcp;2 / (QW)d ﬁ
_i 3 rade pebf £fdc 1 . i 2 18
= 49 f f f p2 (4’/T)2 € . ( )
The second diagram reads
(7 )2 fadefebfffdc/ d’k L —i —i
e @) K2 (pr — K)? (2 — b2
X papko (9" (k — p2 — q)7 + g"7(q — p1 + k) + g7 (p1 + p2 — 2k)"]
. . [ A1
= _ 1g3fadef€bfffd / (27T)d E [p,LQLkQ + ku(k . p2) _ Qku(k . p2)]
3. 3 cade pebf fd~;t/ dk 1 3. 3 rade pebf pfde, p i 2
- — ¢ — - ol - —. 19
= 419 f f f p2 (2’/T)d k4 = 419 f f f p2 (4’/T)2 € ( )
To simplify the structure constant product, we make use of the Jacobi identity,
0= febf(fabdfdce + fbcdfdae + fcadfdbe) _ Qfabdfdcefebf _ fcafCQ(G),
then we have 1
fadefebfffdc — 7§fabc02 (G) (20)
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Note that the third diagram reads —gd§fe“ph, thus we see that to make the sum of
these three diagrams finite, the counterterm coefficient §{ should be

g*Cy(G) (

o~ - 2(4m)?

2 2
- —log M ) (21)

Then consider 5. This coefficient should absorb the divergence from the following

p k

diagram:

This diagram reads

2 rbe ca A’k i —i
(_g) fb dfd /(QW)dﬁ(pfk)Q(pk)

dr./ 1 (L
:79202((;)5611)/ d% / dl‘p (k +xp)
0

et Jo G B2
92 ab, 2 i 2 : 2
= — TCQ(G)(S p* - e + terms indep. of p°. (22)

The corresponding counterterm contributes i65p?, therefore we have

56 ~ %ﬁfg) (% ~log M?). (23)

Combining (21), (23) and (17), we see that the equality d; — do = 0§ — 05 is satisfied.
(b) Now let’s verify the equality 8; — dy = 05 — §3. In this case the calculation turns

out to be more cumbersome, though. The coefficient d5 has been given by (16.74) in
Peskin&Schroeder. The result is

5y = (49;)2 [%@(G) _ gnfco«)} (% ~logM?). (24)

Thus we only need to calculate 5:139 . The relevant loop diagrams are listed as follows.
ap
pi g
r
A
b P cp

For simplicity, we have set the external momenta to be p, —p and 0 for the three
external gauge boson lines labeled with (au), (bv) and (cp). Then the contribution of
the counterterm to this vertex is given by

9077 f4P°(29" D" — g — 9" ). (25)
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To extract the divergent part from 5 , we have to evaluate the loop diagrams shown
above. Let us calculate them now in turn. The first diagram reads

_ %g(fiQQ)fade [fdeffbcf(g/\ugnp g)\pgm/)

4 fdbf fecf (g/\rcgup g/\pgnu) + fdcffebf (g)\ngup _ g/\ugrcp)}

di%k -1 —i
) / 2m? k2 (k—p)? [95(p + E)x + gan(—2k + p)* + gl (k — 2p)»]

= i’ f*°C2(G) - $(9™ 9" — g™ g"")

dik 11 ’ t
X/(27T)dﬁ(k—p)2 [gf\(p+/€),§+g)\ﬁ(—2k+p)l +g,’;b(k—2p)/\]

1: 3 pabc 9 (A UV, P WPV ddk 1
= ig” f*°C2(G) - 5 (¢""p” — g"*p") i
g'3abc Wp_up'/.Lz
= 197 fCA(G) (g — g™ s (26)

There are two additional diagrams associated with this diagram by the two cyclic per-
mutations of the three external momenta. One gives

2

3-3abc (12N RS 7 SN TAN
A Cao(G)(g" p” — g"Pp") (a2

while the other yields zero. Therefore the sum of these three diagrams gives:

; (27)

9. 3 rabc i 2
= C 2gHV HPpV _ qVPpHY . =
19 C(G) (29" — g"pY = ") a7
Then we come to the second diagram, which reads

d : . .
_ gsfadffbedfcfe/ (gﬂ])fdk_;k_;(p+1k)2
x[g “”(220 +k)"+ 97" (—p — 2k)" + g™ (k — p)°]
X (9 (=p + K)o + g0 (—2k = p)” + g5 (2p + k)’
x [glkx — 2gunk? + gk« ]
[-

A% [t 201 — z)k?
3 abce
= i1= 3006 [ o || 4oy
1
X T {2(8 + 152)g""p” + (30z — 23) (g""p” + g””p")}

13, . L Ak 1
T (25]” pp - g/-"ﬂp -9 Ppl-lf) / )d ﬁ
2

- igB[— %fabch(G)} . (271-

e (28)

13 : > LV " v v
= — ?193f“b°02(0)( g pP — ghp¥ — g"Ppt) -

The third diagram reads

d i 1
' ‘ _ (_g)Sfdaffebdffce/ ((inl;?d (_1)(ﬁ>2m . (p + k‘)“k’l’kjﬂ

, be A% [t 201 — 2)k'?
:—193 . %f b CQ(G)/—(QTI')d/O (‘11’7(]@)/2 —A)3
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X L[ —xg"p’ — xg"p” + (1 — 2)g" p"]

2

L. 3 pabc 1
= — “Co(G)(g"" p? + gHPp¥ — 29" pH) - —. 29

5719 1" C2(G) (gD’ + g"p” = 29"7p") )7 < (29)
There is again a similar diagram with ghost loop running reversely, which gives

L. 3 abe i 2

il O (G (™Y pP — 2gHPpY I =

5719 [ C2(G) (gD = 29"p" + g"7p") @) <
Then these two diagrams with ghost loops sum to

L. 5 abe i 2

— cCo(G) (2" pP — gMPp¥ — g"PpH) - —— —. 30

5719 [ Ca(G) (29" " — g"p 91))(4@2€ (30)

Finally we consider the fourth diagram with fermion loop. There are also two copies
with fermions running in opposite directions. One (shown in the figure) gives

d i i
= ny(ig)? tr (to4°17) / %(—mr [w%vﬂm—w

14, ) i
= —npgdtr (17°0) (29" pP — g"Pp* — gMPpY) - =, 31
3y b ((4°0) (2" p" — g"'p gp)(M)26 (31)
while the other gives
4 3 b i 2
_= tr (19454 (217 pP — gVPpl — ghPp¥) . il
3Ty b (tU87°) (267" — g"p gp)(M)26
Thus they sum to
infg3tr (t9[t°, %)) (29" — g"PpH — g"*p”) - — 2
3 (4m)? €
= — Singg ) (20" — g — ) 2 (32)
3 (4m)? €

Now, sum up the four groups of diagrams, we get

3 9 ‘ 9 13 1 4
J ;f‘"” [( —— 4 — _>CQ(G) + gnfC(r)] (29"p” — g"Pp" — g""p"), (33)

(47)2 478 24
and consequently,
2
3g _ _ 9 2 _4 (2 2
53 f(4ﬂ)2[302(c;) Snfc*(r)} (€ 1ogM). (34)
Thus,
2
39 _ g 2_ 2
53— 5y = —(4@202(0)(6 log M?), (35)

which equals to §; — d2 (17), as expected.

(c) Now let’s move to the relation §; — bz = + (8619 —65). This time we have to evaluate
5‘119 , which is determined by the divergent part of the following five types of diagrams:

[sReule]
v )
el N

ap

cp
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Firstly the counterterm itself contributes to the 1-loop corrections with
_ 64119 [fabefcde(gupgua _ gp,agl/p) + facefbde (gp,l/gpa _ guagvp)
+ fode fhee (9" 9" — gupgw)} . (36)

To evaluate the loop diagrams, we set all external momenta to zero for simplicity. The
first diagram then reads

1
_ 5(_192)2 [fabgfefg(gu)\gwi _ gungv)\) + faegfbfg(gp,ugkn _ gungv)\)

+ fI9frea (g gt — g”kg”’“)} [fef e (ghas — go9p)

Ak [ —i\2
ech ¢fdh po A _p edh pfch po P O -
+ £ (99" 9597) + T (gang gkgn)} / (27r)d( k2>

s 4

9 2 |: abg refg refh pedh vo o v

- il 9 ghP _9ghTgvp
2(477)2€f fafeIn fe (29 9"7g"")

+ fabgfefgfechffdh (g;tngO' _ guagl/p) 4 fabgfefgfedhffch(guagup
+ faegfbfgfefhfcdh (gp,pgva _ g,u,crgvp) + fafgfbegfefhfcdh(g;m'gvp
+ tr (101 10) (291 977 + g'Pg¥7) + tr (71741 (29" 6P + gM7 g"P)

_ gungU)
_ gMPgVU)
+otr (tatbtctd)@g’wgpa +g;¢agup) +otr (tatbtdtc)@guugpa +g;tpgvo'):|
ig4 2 abycyd v po vo o v

+ tr (t98°7°) (49" g*7 + 10gMP g7 — 89“"9””)}, (37)

where we have used (20) and £ = i(t%),. with t® the generators in adjoint representa-
tion. There are two additional diagrams similar to this one, which can be obtained by
exchange of labels as (bv <> ¢p) and (bv > do). Therefore the total contribution from
these three diagrams is

4

. 9 .
(ifr)g ? |:tI‘ (tatbtctd)(’?g;wgpa o 8g;¢pgl/a + 7guagup)

+ tr (L") (Tg" 977 + Tg"Pg" — 8g"7g"?)

+ tr (tatctbtd)(igg;wgpo + 7g;tng0' + 7g;¢agup)} ) (38)

The second diagram has five additional counterparts. The one displayed in the figure
reads

Ei = (—ig®)g® fo<9 frol [feI" feM(g8 g7 — 93.92)
+ f T gang” = g395) + F M greg” — 9)97)]
A%k, —i\3
_ HANLT o T VK _ KLV KV
< [ () @ =20+ TN (2 20 )

= gt foes frof [ perh peah (g g7 — g39%)
+ £ M gang® — 9395) + LT (aang”” — 9)97)]

A% 1N o
X (27T)d (ﬁ) (29)\9,{ +5g Ik *49;49)\)

(4m)?

4
= gT 3 {faegfbgffefhfcdh(6gupgva _ gp,agl/p)
€
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+ faegfbgffechffdh(139;wgpa + 4gp,pgua o 2gp,0'gup)
T faegfbgffedhffch(13guugpo Qg;tpgua + 4g;¢a up)}
i

(4

_ gT [ fcdh tr (tatbth)(6gupgua o gp,agup)

)

( tdtc)(lgg;wgpa 4 4gupgua 29”091//7)

( tbtctd)(lggp,ugpa 2g,upgucr +4guo’gup):|
gt i 2 bocod

T4 (anZ e {tr (tt°¢°t7) (139" g"7 — 8g"° "7 +10g"7 ")
() (139" g7 + 109497 — 897 g"7), (39)

where we have used the fact that focd foo7 pefh pedh —j pedh gy (gaghh) — ¢y (to40[te, 7)),
and foed fo9f fech pfdh — _ ¢y ($24544¢) etc. There are additional five diagrams associ-

ated with this one, namely,

cp do  cp bv  ap do do bv  ap cp

a bv  ap do  ¢p bv  cp ap by do

(a) (b) (c) (d) (e)
In the diagrams above, (a) gives the identical result to the one have just evaluated, while
(b) and (c) give identical expression, so do (d) and (e). We can find (b) from the result
above by the exchange (au < cp), and (d) by the exchange (ap <> do). Then we sum
up all six diagrams, which is equivalent to summing the original one with (b) and (d)
and multiplying the result by 2:
.4

9 2|: aybycyd v, po wp VO o v
—2- — | tr (t*¢°t°tY) (13gHY gP° — 8gM* 10g*° g**
T4 € r ( )(13g"" g g""g"? + 10g"7 g"*)

+otr ( tdt )(139;wgpa 4 1Og;¢pgua ;w Vp)
+ tr (£t°t44%) (1317 g — 8gHPg¥° + 10g"" g7
+ tr (£t°97) (13917 g — 8" gP° + 109" g")
+ tr (tdt t ta)(13g“”g — 8¢ gP7 4 10g+7 ¢g"*)

(thtbtete)(

+ tr 13g* — 8g"7g"P + 10g‘“’gﬂ")}

. 4
lg 2 azbycyd W po vo o v

=— tr (¢%¢°t°t*) (23" g7 — 16g*° + 23¢"7 g¥*

2(47r) r ( )(239" g g9 g"7g"")

+ tr (t“tbtdtc)(239“”g”" + 23gHPg"7 — 16917 g¥?)
b () (<1697 977 + 23979”23977 97) (40)

where we use the cyclic symmetry of trace and also the relation tr (t¢°tt?) = tr (¢4tbt°t?).
The third diagram reads

d%k s —i\4
:i::\},\/:: g4faehfbhgfcfefdgf/ (27T)d (ﬁ) (Q#Akn —29)\77]?“4'977#]@’)\)

X (kS = 25K + g% k) (97 kx — 205K° + g5K")
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X (ggk,{ — 29¢xk® + g7 ke)
_ 4 agbydyc A%k 1 WLV .PLO 4/ v _po wp Vo
=g tr(tttt)/ww[?ﬂlkkkk + k% (" g + g"*g"?)
+ 3K2(g" KPR + g kYT + gV kIR + 9P kPEY)]

C ddk 1 34 174 g vo Lo _V
= g"tr (t°t"t% )/Ww[—(gu g*7 + 9" g"" + g"7g"")

24
wv o po wp Vo 3 wv po wp Vo
+ (99" +9"9") + 5 (99" + 9" 97)
s 4
9 2 abydyc uv  po up Vo no vp
:12(4ﬂ)2?tr(tttt)(47g gP7 +4TgHP g7 4+ 17gH7 g"?). (41)

Combined with the other two similar diagrams, we get

s 4

19 2 aybycyd v _po vo o v
—— — | tr (£*t°tY) (4T gH g” 17g#° 47g* L
12(4ﬂ)26[r( )(47g" gP7 + 17917 9" 4 479" g"")

+ tr tatbtdtc)(47g“”g”” +47g"P g7 + 179" g"7)

(
+ tr (tttP ) (179 g7 + 4TgHP g"7 + 4TgH7 g"")] (42)

The fourth diagram with ghost loop is given by

. d i
C )= (_g)4feahfhbgfgdfffce/ (;—ﬂ])fd (—1)(ﬁ)4k‘ukykﬂka

4
2

= e (1) (" g + 09" + g'7g"). (43)

€

24(4m)?

There are six distinct diagrams with ghost loops, with different permutations of external
labels (Lorentz and gauge). They sum to

s 4

19 2 aybycyd azbydyc aycybyd
— ——— | tr (£“t°t°t tr (t“t7t°t tr (¢“t°t°t
12(47T)26[r( )+t )+t )]

X (9" g"" + g1’ g"" + g7 g""). (44)

Finally the diagram with fermion loop reads

d i1 i i
Ki: (19)4”1“ tr (tﬁtftftﬁ)/%(—)tr {7“%7”%’70%7’)%

dik 1
4 atbydyc W po vo oV 232
=— tr (¢t 1.t ——————|4(g"" g” we — gt ") (k
gnjfr(wrr)/(2ﬂ)d(k2)4[(g 977 + 9" 9" — g"7g"") (K?)
—8(g" kPR + gMPRVET + gPTRPE + g kPR + 32Kk KPR
d% 1
_ 4 aybydyc v _po vo o v
=—g'nstr (t,.t,.trtr)/—(2ﬂ)d —(k2)2 [4(gu g7 + g"Pg"e — g g¥P)
—4(g" g" 4+ 9" g") + 5 (9" 9" + g" 9" + g" 7 g"")]
digins 2 .
_ 2t tatbtdtc ny o po HP GVT 9 ahT qVPY 45
3(4@261"(7«”7«)(9 9" + 9"y 9"79"") (45)

Combined with the similar diagrams with different permutations, we get

8ig*ny 2 ‘ )
a 3(4’/T)£ : [tI‘ (t?t?tfntf)(g“ gpg — 29Hpgl/a + g;tagup)
+ tI‘ (t?tftfti)(gMVng + g#«ﬂgvo’ — 2g#o'gl/p)

10
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+ tr () (—29" 977 + 9" g7 + 9" g"). (46)

Now, we sum up the first four types of diagrams, namely, (38), (40), (42), and (44), and
find the result to be

2ig4 2 aybycyd nv o po np Vo Qo vp

+ tr (tPt10) (— g g7 — g"Pg"7 + 297 g"")
+otr (tatctbtd)(2gul/gpa _ gupgua _ g;tagup)}
_ 2ig* 2 [gwgw(g tr (t¢°t0th) — tr (L0etd) — tr (194°t%))
3(4m)? €
+ g g¥7 (2t (t4e0 ) — tr (£t 4e) — tr (¢t°t"tY))

+ g"7g"P (2t (£9471°) — tr (t*1°7) — tr (t“tctbtd))}

_ lg4 202 (G) I:guugpa(_fadefbce _ facefbde)
3(4m)? €
+ gupgua(fadefbce _ fabefcde) 4 gp,crgvp(facefbde 4 fabefcde)]
_ 194 302 (G) [fabefcde (gupgua . gp,agvp)
3(4m)? €
+ facefbde (g;wgpa _ g;tagl/p) + fadefbce (gul/gpa _ gupgua)] ) (47)

Similar manipulations on (46) gives

4194 2 abe pcde vo o v
= 3np O (g~ g"g")
+ facefbde (g;wgpa . g;wgup) + fadefbce (guugpa o gupgua)]' (48)

Therefore, we finally find 619 to be

92

3(4m)?

[C2(G) + 4nyCa(r)] (% - logMQ), (49)

and it is straightforward to see that 619 — 83 = 2(6; — dy).

11
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1 Two-Loop renormalization group relations

(a) In this problem we study the higher orders of QCD f function. Formally, we have

b b1 by
Blg) = - (47?)293 - (47r)495 " (4m

L 1)

The we can deduce the corresponding function for as = g?/(47), namely,

6048 2b0 2 2b1 3 2()2 4

=202 b _ by 2
- I ® T e T @t @
Integrate this equation, we get
Q4 (@) b b b -
ol () 1 3 2 4
-~ _ day | —a? , by i 3
[om=m [ e et et et + | ¥
The integral can be carried out approximately, as
4 1 bl « (QQ)
lo AQ:—[ + lo ¥ o] 4
g(Q/ ) b() as(Q2) 47Tb() g 1+ 4713)0 O[S(QQ) ( )

Then the running coupling a,(Q?) can be solved iteratively, to be,

%@2):1—:{ ; 0y Loglog(@/ A +}

log(Q/A)*  bF [log(Q/A)?]?

(b) Now we substitute (5) into the eTe™ annihilation cross section, we get

+

o(eTe” — hadrons)

— o - (32@?) : {14—%—1—@(%)2—1—0(0@)]
! 2

Since the expression for the cross section is independent of renormalization scheme to
the order showed above, we conclude that the § function coefficients by and by are also
independent of the renormalization scheme.

*E-mail: xianyuzhongzhi@gmail.com
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2 A Direct test of the spin of the gluon

(a) We repeat the calculations in Part (c) of the Final Project I, with the gluon-quark
vertex replaced by a Yukawa vertex.

M = Q16 (ig)alhn) | — 7 g o) S o) (D)

Then, use the trick described in Final Project I, we have

1 ) ) Q2 2 4
ZZ|1M| T T 4s2 tr (v, 0P,

1 1
”r[(kl e Wﬁkg)k?( kﬁkg‘kﬁkﬂp)%]

_ st ~p2><k1-k3><k2-’f3){<k1+1 R (k2+1 W] -

352

Rewrite this in terms of x4, 5 and x3, we get

2.2, 4 2
LM = 2 1) 1) [

352 l—zy 1l—uzg
— 4Q39264 x% (9)
37 (1= 21— 1)

Note the phase space integral for 3-body final state is deduced in Final Project 1 to be

S
/dH3 = W/dqu:cq,

thus the differential cross section is given by

d2 4ra’Q? 2
T (e i) = oy HIMP = T e S
12873 3s dr (1 —z4)(1 — zg)

10
dIldxg ( )

(b) Now let &, > x, > .. Then there are six ways to associated the original three
variables x4, x5 and 3 to these three ordered ones. Note that the integral measure
dz,dxp does not change for different possibilities since the change of integral variables
(xq,2g3) = (x4, 23) or — (x4, x3) generate an Jacobian whose absolute value is 1, due to
the constraint x4 + 23 + x3 = 2. Therefore, summing up all 6 possibilities, we get

d?c L i
dr.do (eTe” — qqS)
z2 i x2
C a 11
Mz —m)  U—a)(—wa) A=z =) (11)

for ¢@S final state, and

d%c
dx,dzp

(ete™ — qq9)

:U —l—xb n xﬁ—l—xﬁ n acz—i—acg
(1 —za)(1—ap) (Q—ap)(1—z:) (L—z)(1—24)

We plot these two distributions on the x, — xp plain with the range =, > xp > ., as

, (12)

shown in Figure
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1.0F T T T T

0.9¢

0.8¢

0.7p

0.6¢

OS5 .. ... ...

Figure 1: The differential cross sections of ete~

1.0F T T T T

0.9r

0.8¢

0.7p

assuming gluon is a vector/scalar particle in left/right diagram.

3 Quark-gluon and gluon-gluon scattering

— qq4g as a function of x; and xo,

In this problem we evaluate the cross sections for two processes: (a) ¢q7 — gg, (b)

99 — g99-

(a) There are three diagrams contributing the process q(k1)g(k2) — g(p1)g(p2) at the

tree level, as shown in Fig. 17.11 of Peskin&Schroeder. The amplitudes associated with

these diagrams are listed as follows:

N (e
U(k’2)¢ (p2 )(k1

iMs = (ig)?v(k2)¢" (p1) (Ejfl

iM; = (ig)?

iMs = (i9)gf*[¢" (p2 — p1)”
v(k2)v,u(kr)e, (p1)e,

—1
X —_—
(k1 + k2)?

i\
p1)
Py
2)

l¢( u(k)ete,

l ¢ (p2)ulky)t e,

— g""(2p2 + p1)* + ¢ (p2 + 2p1)" ]

(p2)t°

(13a)

(13b)

(13¢)

It is convenient to evaluate these diagrams with initial and final states of definite he-

licities.

By P and CP symmetry of QCD, there are only two independent processes,

namely qr.qr — grgr and qrqr — grgrL, that could be nonzero. Let’s evaluate them in

turn for the three diagrams. To begin with, we set up the kinematics:

kiL = (E?anvE)a
kg = (E?anva%

Then,
ur (k1) = V2E(0,1,0,0),
€Lu(p1) = %(0, —cosf, —i,sin#h),
67:,1(2?2) = %(O,COS 0, —i,—sin @),

pi = (E,Esinb,0, Ecosf),
ph = (E,—Esinf,0,—FE cosf).

vr(k2) = V2E(1,0,0,0).
€ru(P1) = %(0, —cosf,i,sinf),
€ru(p2) = %(O,COS 0,1, —sinf).

(15)
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Now we begin the calculation. (In the following we use sy = sinf and cg = cos¥.)

—Sp 1+cy
. —ig2E2tbte —1+4+¢ s
iM1(qLdr — 9rYR) = 97(0,07 1,0) ’ ’
S —-1- Co
1— Co —Sp
1—cy —Sp Se 1—co 0
v —Sp —14cy —1—cy —Sp 1
—1+cy Sg —Sp —14cy 0
So 1—ocy 1+cy 56 0
s 24bsa 2E2 : s 24bga
=ig°t’t T(l—cosH)smO:—lg t°t% sin 6. (16)
S 1-— Co
. —ig2E%toth —-1—c¢ —5
iMa2(qrdr — 9rYR) = 97(0, 0,1,0) ’ ’
—Sg —14cy
1+cy Sp
1+co Sp —Sp 1+ ¢ 0
« Sp —1—cy —14cy Sp 1
—1—09 —S0 S —1—09 0
—Sg 14 co 1—co —3S0 0
s 24bya 2E2 : s 25a4b :
= —ig°t’t* ——(1 + cos §) sinf = ig“t*t” sin 6. (17)
U
Co S 0
) 2 abctcEQ s —c 1
My (qrdn — gngn) = 2L (0,0,1,0) |4 o
—Cp —Sp 0
—Sp Co 0
= g2 fobetsinf = —ig?[t?, t*] sin 6. (18)
Thus we find that
iM(qrdr — grgr) = (IM1 +iMa +iMs)(qrdr — grgr) = 0. (19)

In the same manner, we calculate the amplitude for ¢.gr — grgr. This time, we
find:

iMi(qLqr — gror) = — ig*t"t" sin 0, (20a)
iMa(qrLdr — grgL) = — iQQtatbé sin 0, (20b)
iMs(qrqr — grgr) = 0, (20¢)
Therefore,
iM(qrdn — grgL) = —ig? (tbt“ n t“tb%) sin 0, (21)

and by crossing symmetry,

iM(qrar — grgr) = —ig? (" + 1t = ) sino. (22)
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There are two more nonzero amplitudes with grqr, initial states, which are identical
to the amplitudes above. Then we find the spin- and color-summed/averaged squared
amplitude to be

11 )
Eom ). M
spin,color

1 t t2
— 2. g%sin%0 {(tr (t°t9%) 4+ 2 tr (t°t94°t*) — + tr (t“tbtbt“)—Q) + (t < u)]
u (7

~ 36
81202 9 16 t2 4t

= T(l — cos H)K?(lJr ﬁ) - %> +(t<—>u)}

_s12r%a [t w 9(# 4 uP) (23)

N 27 u ot 452

Therefore the differential cross section is given by

do  32maf [t w9 +uP) (24)
dt  27s2 |u  t 452

(b) Now consider the process g(k1)g(k2) — g(p1)g(p2). The four tree level diagrams
are shown in Fig. 17.12 of Peskin&Schroeder. Their amplitudes are given by:

iMl _ 92fabc‘fcde_?l[g;u/(k,1 _ k‘g)/\ +gu/\(k1 4 2]@’2)“ _ g/\;t(Qk,l + k,Q)I/}

X [977 (p2 — p1)x — 93 (p1 + 2p2)” + g5 (p1 + 2p2)” | €u (k1) ew (K2 )€ (p1)es (p2),
(25a)

. c —i L v
iMy = g f* efbdeT (9" (k1 + p1)™ — ¢°*(2p1 — k1)* — g™ (2k1 — p1)”]

X [g"7 (k2 4+ p2)x — g5 (2p2 — k2)” + gX(p2 — 2k2)7 | eu(k1)en (k2)es (p1)es (p2),
(25D)

. e —1 o o i v o
iMs = 92fadefb667 [9"7 (k1 + p2)* — g7 (2p2 — k1 )" — g™ (2k1 — p2)” ]
X [g"7 (k2 +p1)a — g8(2p1 — k2)” + g5 (1 — 2k2)”] €u (k1 )€ (Ka)es (p1)es (p2),
(25¢)
iMy = —ig? [f?f0%(e(k1) - € (p1)e(ka) - € (pa) — (k1) - € (pa)e(kz) - €* (p1))
+ facefbde(e(kﬂ “€(ka)e (k1) - € (p2) — €(k1) - € (p2)e(ka) - 6*(111))
+ el fr (e(kr) - e(ka)e™ (p1) - € (pa) — e(kr) - € (p1)e(ka) - € (p2))]. (25d)
The choice for all external momenta and final states polarizations are the same with that
in (a). Now to evaluate the amplitude grgr — grgr, we also need the initial states

polarization vectors for right-handed gluons with momenta k; and ks, which are given
by
eé(kl) = %(0,1,1,0), Eé(k’g) - %(0,71,1,0). (26)

Then after some calculations, we find,

iMy = —ig?fabe fede cos ), (27a)
19 + 7cos® — 11 cos? 6 + cos® 6
: . 2 pace pbde
= : 27b
1M2 1g f f 4(1 — cOoS 9) I ( )
19 — 7cos® — 11 cos? 0 — cos® 6
: : 2 pade pbce
= : 27
iMs = ig? [ f T , (27c)
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iMy =—ig? {fabefc‘ie cosf + %f“cefbde(?) +2cosf — cos? 0)
+ L pade fbee(3 — 2 cosf — COSQ)} . (27d)
The sum of these four amplitudes is

. . 2
iM(grgr — 9rYR) = — 2ig* {f“bef“le cosf — f“‘efbde<m + cos 9)

2
__ rade gbce o
A (1—}—0059 COS@)]
— 4 2| race rbde ade pbce
9 [f / 1—cos@ I 1+c059}
- _ 2192 {facefbde% + fadefbce i} . (28)
(3

We can also obtain the amplitudes for grgr — grgr and grgr — grgr from the
result above by crossing symmetry, namely the change of variables (s,b) < (u,d) and
(s,b) <> (t,¢), which gives

iM(g9L9r — grLgrR) = 2ig* [facefbde + fobe pede— } (29)
iM(grgr — grgr) = — 2ig> [fabedeeg - fadefbcea} : (30)

The amplitudes for grg9r — 991, 9r9r. — 9rg9r and grgr — grgr are identical to
the amplitudes for grgr — 9rYR, 9r.9r — 9r9r and grgr — grgr, respectively, due
to parity conservation of QCD. It can be shown by the conservation of angular mo-
mentum that other helicity amplitudes all vanish. Therefore we have found all required
amplitude. To get the cross section, we take the square of these results.

> |M(grgr — gRgR)|2

ace € rac aae ce ra C ace € ra C S
g [ o e poed i S o e o s g poe i ] e 2

2 2 2
=4 4[‘5 et ¢be? (— S—) 2 tr (2Pt —
g™ | tr( ) 2 toz)t r ( )tu
82 52 82
— 288 (— L —), 31
SN\t et (31)

where t* is the generator of SU(3) group in adjoint representation which is related to
the structure constants by f*¢ =i(t*),.. Thus tr (t%t°t°t") = (C2(G))?d(G) = 72, and

tr (t°tPt44%) = tr ([t %)) + tr (£77t00) = Siftr ([t 7)) + (C2(G))d(G)
— g [P (1) + (C2(@))?d(G) = 5 (Co(G))d(G),

which is 36 for SU(3). Similarly, we can work out the square of other amplitudes, to be

u2 u2 u2

> IM(grgr — gLgr)® = 28894(72 t5t g>7 (32)
t2 t2 t2

> IM(grgr — grou)® = 28894(5_2 + o+ E) (33)

Therefore, the spin-averaged and squared amplitudes is

82'22Z|

-2 288¢% (6—5—————

tu Uus s_t) (34)
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Thus the differential cross section is

do

dt

9ra’ tu us st
(99 — 99) = s (3 )

252

4 The gluon splitting function

In this problem we calculate the gluon splitting function Py, 4(z) by evaluating the
amplitude of the virtual process g — gg, as shown in Fig. 2.

Figure 2: The Gluon splitting process.

The momenta of initial and final states are taken to be the same with that of Fig.
17.16 of Peskin&Schroeder. That is, we have

pP= (p70507p)5 q= (ZpapLaO7Zp)7 k = ((1 - Z)pa _pl507 (1 - Z)p)a (36)

and the polarization vectors associated with gluons are,

€1(p) = (1, -1,0), €r(p) = 5(1,1,0),

i . pPL i pPL

€r(q) = %(15 -1 72_]))7 €r(q) %(]ﬁla Z_p)v

7 . pL i . PL

ep(k) = 51, -, m)a cr(k) = 5(L1, m)~ (37)

Then we can evaluate the amplitude for the process g — gg directly, which is given by

IMPe = g (e*(q) - e(p)) (0 + q) - €* (k) + (¢*(q) - € (k) ((k — q) - e(p))

— (k) - e(0) ((p + &) - " ()] (38)
We evaluate the amplitudes with definite initial and final polarizations in turn:
M (g1 ) 90002 (8) = VE(1 + 5o s, (392)
M (913) — 91 (@0 (b) = g F (390)
iM™(gr(p) = gr(9)gr (k) = @gf“cm, (39¢)
iM*(gr(p) = gr(a)gr(k)) = 0. (39d)

By parity invariance, the amplitudes with right-handed initial gluon are dictated by the
results above. Note further that f2¢feb¢ = 24 thus we have

T D, MP=4g22429%%

spin,color
XK 1 +1)2+ 22 Jr(1—2)2}
l—z =z (1—2)2 22
12¢9%p2 [ 1—2 z
z2(l—2)L =z +17Z—|—z( ?)
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2@2p3_

- _ . p(O) 40
i P, (10)
where the superscript (1) represents the part of the splitting function contributed from
the diagram calculated above, in parallel with the notation of Peskin&Schroeder. (See
17.100. for instance.) Therefore we get

1—-=2 z
P = 6[ . + 1 +2(1—2)]. (41)

—
99 — 2

Besides, there should be a term proportional to (1 — z) in P, 4, which comes from the
zeroth order, as well as the corrections from P4 and Py, where Py g(2) = + (2% +
(1 — 2)?). Now let’s take it to be A§(1 — z), then the coefficient A can be determined

by the following normalization condition (namely the momentum conservation):

L /1 dz2[2n; Py gl2) + Pg(}_)g(z) + Ad(1 - 2)], (42)

where ny is the number of fermion types, and the coefficient 2 is from contributions

of both quarks and anti-quarks. To carry out the integral, we use the prescription
1 1

= = ﬁ, then it is straightforward to find that A = 1—21 — 3ny. Therefore,

Py, — 61 — 4 i _ZZ)+ +21-2)| + (5 - 2L)sa - 2). (43)

5 Photoproduction of heavy quarks

In this problem we study the production of a pair of heavy quark-antiquark by the
scattering of a photon off a proton. At the leading order at the parton level, the process
is contributed from the photon-gluon scattering, as shown in Figure 3.

S

Figure 3: Tree diagrams for the photoproduction of heavy quarks at the parton level.

The corresponding amplitude can be read from a similar process vy — e*e™ in QED.
From (5.105) of Peskin & Schroeder, we have the amplitude for e™e™ — 27, which reads
(adapted to our notation for external momenta)

1 ki - ki - 1 1
ZZIM(6+6%27)|2264[ LBy P om?( + )

k1 -p1 k1 -p2 ki-pr k1-p2

1 1 2
4
-m + . 44
<k1'p1 kl'pz) ] ( )

Then the amplitude M(yg — QQ) can be obtained by making the exchange (ki, k2) <>
(p1,p2), replacing e* by €?¢?, and also including the factor %Qﬁ tr (t9t%) = %Qg taking

account of the color average, the electric charge of quarks, and the summation of color
indices, respectively. Then the amplitude in the present case is

1 ~ p1-ke  p1-k 1 1
N M — 2 — 242 2[ —+ +2m2 +
482| (79 QQ)' g Qq pl'kl pl'kQ (pl'kl pl'kQ)
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1 1 2
—m* + ] 45
(p1~k:1 p1~k2) ( )

In parton’s center-of-mass frame, we have k; = (F,0,0,F), ks = (E,0,0,—F), p1 =
(E,psinf,0,pcosf) and py = (E, —psiné, 0, —pcosf), with p> = E2—m?2. Then p;-k; =
E(E —pcosf) and py - ke = E(E + pcosf). Then the differential cross section is

do T Q2 P E? 4+ p?cos? 6 — 2m? B 2m* (46)
dcosf 16 E3 E? — p?cos?6 (E? — p? cos? 0)?
Then the cross section for photon and proton initial state is given by
o(ahn) + (k) + QQ) = [ do fy()aty(hn) + g(okz) > QQ). ()

6 Behavior of parton distribution functions at small

xTr

(a) In this problem we study the solution of A-P equations at small x with certain
approximations. Firstly, we show that the A-P equations,

@ = 2L [ 05 (1 (£.0) +51(£.0) )

7

+ Pocg (s Q)] , (48)
@f}“(%@) - %92)/:%2[ Py qg(z )ff( Q) +Pq<_g(z)fg(§,Q)} (49)
@fﬂx,@) - %92)/:%{ Py qg(z )ff( Q) +Pq<_g(z)fg(§7Q)} (50)

can be rewritten as a differential equation with variable ¢ = loglog(Q?/A?). To see this,
we note that d/dlog @ = 2e~¢d/d¢, and to 1-loop order, a,(Q) = 27/ (bylog(Q/A)) =
(47 /bg)e~¢, so we have

;gf( o=y :dz—z{Pgw(wz(ff(f,f)+ff(§,f))

f
+Pgeg(2)fg(§,£)], G1)
T = & ;%{Pqeq(z)fm%af)Jr Prco()fs (= 5)} (52)
Eheo=¢ [ li—Z{Pqeq(Z)f(§,£)+ Poco@fo( 5)] (53)

(b) Now we apply the approximation that 1) gluon PDF dominates the integrand in
the A-P equations and 2) the function §(x, Q) = zf4(x, Q) is slowly varying with = when
z is small. Then, define w = log(1/x), which gives d/dw = —zd/dx, we can calculate

-]

5
—%(b—/d— Py (£.0) )
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= 1320 Pyg(@)fy(2,Q) - if /;dng%g(z)%[éfg(éaQﬂ
= o aPry(2)f(2.Q) (54

From the result of Problem 17.4 we know that 2Py 4(x) = 6 as @ — 0. Therefore the
A-P equation for f; becomes

o 12
Then we verify that
/2
5= K@) o ([ ute-6)] ) (56)
0

is an approximation solution to the differential equation above when w¢ > 1, where
K(Q?) is an initial condition. We apply 0%/0wd¢ on this expression, to get

0% 1 48 48 1/2
8w8§g(w’§) =7 m - eXp ({b_ow(g —50)} )

[(5 )2 (52) <1+ i—fw(f&))ff(cf)} (57)

In the limit w& > 1, the square root term in the last line dominates, thus

az—zgam,e) % K@) exp ([i—fw(& &) 1/2) =W @)

(¢) Then we consider the A-P equation for quarks. If we adopt the approximation in
(b) again, namely, the gluon PDF dominates and the function §(z,§) = zff(z, Q) is
slowly varying, then we have

S, €) = oy (0.) = b/ = Pyl m(%)

:—/ d2Pyg(2)g( =€) = / F(1-2) )g(%,g)

NEARTNERPY: Tl -2
~ 60{6(2,2 22% +32)j (25)} o 0(.0), (59)
where we have used < 1 and 9¢(x,£)/0x ~ 0. Then, we verify that
[ E 48 e
0=\ S K@) exp ([ (€~ &) (60)

is again an approximate solution to the equation derived above, in the limit w& > 1. In
fact,

C%q(x,f) = exp ({i—fu}(ﬁ - 50)} 1/2) {3%0[((@2)
1 Wg_&) (K@ +2(6 - 50)%?2))}
= k(@ ([pute- )] ) = i) (61)

(d) We use the fitted formula of K(Q?) to plot the PDFs of gluon and quarks in
Figure.

10
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3.0—————

25F

xf e (x,Q%)

1.0F

0.5f 1

0.00 0.05 0.10 0.15 0.20
X

Figure 4: Approximate parton distribution functions at small x with @ = 500GeV.
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1 Matrix element for proton decay

(a) We estimate the order of magnitude of the proton lifetime, through the decay
p — et 70, based on the following operator,
2
OX = —2€ijk€a
mx

P e paunigur jrdrrs, (1)

where mx is the scale of this higher dimensional operator, whose typical value is around

10'%GeV, and i, j,k are color indices for quarks, o, f3,--- are spinor indices. Then,

the amplitude M of this decay process should be proportional to m;(Q. Note that the

3
p

proton mass. Now take mx ~ 106GeV and my ~ 1GeV, we have the decay width

amplitude M has mass dimension 1, thus we should have M ~ m m)_f with m,, the

1 2 1 my —65 33,.—1

~—— ~107"°GeV ~ 10°%yr~". 2
57 2m, MU Tor i Y @
(b) Now we consider the first order QCD correction to the estimation above. The
correction comes from virtual gluon exchange among three quarks in the operator. To
evaluate these 1-loop diagrams, we firstly fixed the renormalization condition of Ox to

be URiS

= iéijk(saﬁe’yé. (3)
(0%

ULjy drks
The 1-loop diagrams are shown in Figure 1. The Feynman rules can be written in two-

component spinor notations. The left-handed spinor’s propagator reads i(p - o)/p?, the
right-handed spionr’s propagator is i(p - )/p?, the QCD interaction between quark and
gluon is i[i! .a#(t)ij9br; + Ph0" (t%)ij¢r;], and the vertex corresponding Ox reads
ieijk(wﬁﬁ‘;. Then the first diagram reads

cre N2 a a af v'é — 0 ot
= imn (8 ) m (¢ 4 ! l
(a) = i(ig) €imn (t*)imj (t* ) nxd* € /(27r)d q? ( 2 gy o q> 7 58

*E-mail: xianyuzhongzhi@gmail.com
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Figure 1: 1-loop QCD correction to the effective operator of proton decay.

2 aB S~ s [ d% ¢q°
2 i 2
_ 2 oB 5
—— (= 2608 16670 el
g ( 3)”’“ ¢ T 4am)? e
8g% 2
:__.'i,(;aﬂ ’vé, 4
3(4m)? € 1eigk0 e (4)
where the Pauli matrices is simplified as follows,
(0037 (056")5° = (55056095@% = *(556%0‘)5#)76
= —4(oLec" )’ = —4(er,5")° = 16€°, (5)
in which we used the fact that e*” = io? and o) 0> = —520,,. In the computation of this
diagram, we also used €;mn (t*)m; (t*)nk = —(2/3)€;jk. The coefficient of this equality

can be easily justified by contracting both sides with €;;;. Similarly, we compute the
second diagram, as follows,

oo diq —i [ —iq-&o ig-o
(b) = i(ig)Qeimn(ta)mj(ta)nk(saﬁ e’ 6/ d _< Uu) ( Uu)
(27T) ¢ 2 B'B ? Yy

q q
2 2
_ 2 af o
=—g> (== )ein - 46 . =
g ( 3 >€jk ‘ 4(4m)? €
292 2 . o o
= e ¢ 00 ©

where we used the identity (7,)ag(0")ys = 20a503,. The third diagram gives the same
result as the second one. Therefore, we get the counterterm for the operator Ox in M S

scheme to be 22
g 2 2
oy = ————=| — —logM 7
ox =iz (7 ~oer’), v

where M? is the renormalization scale. We further recall that the field strength renor-
malization counterterm for quarks in QCD is given by

442 2
5y = 9(——@Mﬂ, s)
€

then the anomalous dimension of operator Ox is given by

0
’Y:Ma—M(—(SOX+_

Therefore this QCD correction will enhance the operator strength by a factor of

log(m5 /A%) ) “*/*"
(bwéma) ’ (10)
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where A ~ 200GeV, ag = 4 is the coefficient from anomalous dimension, and by =
11 — (2/3)ny = 7 is the 1-loop coefficient of QCD A function. Taking mx = 10'%GeV
and m, = 1GeV, this factor is about 2.5. Then the decay rate of proton is enhanced by
a factor of 2.5% ~ 6.3.

2 Parity-violating deep inelastic form factor

(a) We firstly compute the amplitude of the neutrino deep inelastic scattering through
charged current interaction, which reads

. _ ig2 1—
M(vp = 1™ X) = (k) (—2 )ulk)
w

y / dba 0 (X|(J8 (2) + T (2))|P). (11)

Then the squared amplitude with initial proton’s spins averaged and final state X
summed is

M= 52 > (u(k’)%( L (ke (52 )W(m)

<3 [ AL (Pl @) + @)X + 2 O)|P). (12

The trace factor can be straightforwardly worked out to be

Ly = 3 (00 (A5 Jukya) (<52 i)

spin
b
= 2(kuk;, + kok;, — guok - k' + i€, kK ). (13)

Then, use the optical theorem, we have
L Y [ (Pl @)+ @)X (0) + 2 0) )
X
= 2Tm (L, WH®), (14)

with
W) o / d*z e (P|T{J" (2)J% (0)}|P), (15)

Therefore, the cross section is

_ 3k 1
o= X) =5 | G 3 5 Y IM
4
L / dzdy I T (L, W) (16)
2s (47r)2 4mdy, . ’

and the differential cross section is thus given by

d%c _ yG% / ’ Iy po / pr(v)
dxdy(up—)u X) = g T [(kuk, + Kok, — gk K ek k)W ] (17)
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(b) The lepton momentum tensor obtained in (a) is
Ly = 2(kuky, + kok), — gk - k' 4 i€ koK) (18)

Then it is straightforward to see that ¢*L,, = (k —k')*L,, =0 and ¢"L,, =0. As a
consequence, any term in W) proportional to ¢* or ¢ is irrelevant. Therefore we
can rewrite the tensor W#*(*) in terms of three form factors W-(V) (1 =1,2,3). That is,

Wlu/(y) _ 7g;¢uW1(l/) + PltPVW2(V) + IEMVPUP q W3V . (19)

Then the deep inelastic scattering cross section becomes

d%o yG?
S uX)= "L
” (vp = p=X) = <3

—4((P-K)(q-K) — (g )P K)) TmWi")]. (20)

{2(1@ Y Im WY 4 2P k)P k) Im W)

(¢) Now we evaluate Im I/VI(VQ)3 in the parton model. Firstly, W#*(*) can be written as

W“”(”):2i/d4xeiq' / défo f (07 EP)THI (@) Y (0)}as (6P)), (21

and be evaluated in terms of Feynman diagrams displayed in Fig. 18.10 of Peskin &
Schroeder. For the first diagram, we have

2 [ e [ Lt (A20) (5
+fu(£)2 (p)’y”<1275)p+;+i€7“(1275)u(p)} (22)

where p = £P. Then, averaging/summing over initial/final spin states gives

/ de {fd(o

+ fa(§)

s P ” )

e ;” Ve

! d 2 1 v
= /0 %{(fd(gwfu(f))(% PRPY 2P - gg)

tr ('

mI»—* m|>—l

s _pv o -1
+ (fd(f) - fa(f))Qleu po PPq }ma (23)

where we have dropped terms containing ¢* or ¢” in the last line. Then it is easy to
read from this expression that

1
v -1
Im Wy )= 2P'Q/O d¢ [fa(€) + fa(€)] Im (m» (24)
1
v -1
I 5" :/0 A€ 4&[fa(€) + fa()] Im (m>a (25)
1
W) _ s —1
Wi =2 [ de [£u9) ~ (6] 1 () (26)
where 2P - ¢ = ys, and
1
(g ) Tt @

4
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Note that the second diagram in Fig. 18.10 of Peskin & Schroeder does not contributes,
as explained in the book. Therefore we conclude that

W = x[fa(z) + fal2)], (28)
fm ") — AT L fale) + fal@)], (29)
Im Wy = E[fdcc) — fa(2)]. (30)

(d) The analysis above can be easily repeated for the left-handed current .J )’;L ,, of single
flavor f, defined by J§, = fy"Prf where Py, = (1 —~°)/2. Then, define
why = zi/d‘ixew(P\T{ )74, (0)}| P), (31)

and its decomposition,

W}LZ = —g’WW1fL + P”PVWQfL + iE’WpUquUWP,fL + e (32)
We see that it amounts to the replacement in the final result that d — f and @ — f.
Therefore,
W) = [ fr(@) + ()], (33)
v drx
Wy, = ——[fs(2) + f5(@)], (34)
Im W37 = 2 [ff< )= Jr(@)]. (35)

(e) Now we perform OPE on W7 Firstly,

iq- L v igx [ a1 AV |— = |
/d4$61”J}L($)JfL(0) 2/d4:ce“(q7’ Prq(z)qy PLQ(O)+Q'7MPLQ(x)Q'7VPLQ(O))

"Pp (fer %l v Prq+ (u Vg Q) (36)

Then, the first term in the last line can be written as
i()+4) V(. 0@+g) , i+
Pr— ¢27P =—( g gﬂ =" gﬂv )
(i0 + q) 2 (i0 + q) (i0+q)

[27#(107)) — g" ¢ — i o (10 + q)P77 ]

30
QQZ(QHJ 8) . (37)

where we have symmetrize the pv indices for the first two terms in the square bracket

and antisymmetrize the indices for the third term, by using the equalities %(’y“’y)‘v” +
VM) = g+ g = gty and (VM0 — Yy tked) = —ieA 90, and
terms proportional to ¢* or ¢ have also been dropped. The (anti)symmetrization can
be understood by looking at (32), where the terms with no v° are symmetric on yv while
the term involving 7% is antisymmetric on pv. Therefore, when including the second
term in (36), we should keep terms of even powers in ¢ for symmetric pv indices and of
odd powers in ¢ for antisymmetric uv.
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Now, with these understood, and using the definition of twist-2, spin-n operator,
O;n)‘“m“" = gy (iD"2) - - - (iD*)) gy — traces, (38)

we have,

. ig-w T v (2qt1)' (2q n— ) WL oy —
1/d4aceq“J}L(ac)JfL(0): Z ) l(QQ)” 1“ 2 O(n); 1o —2

Lo (2) - (24) A(mypr-sin
— —gu Z (Qg)n Of 1
n>0, even

s v (2qt1)(2q n,l) Ol 1
—ie pog” Y (QQ)H“ Ok (39)

n>0, even

n>0 odd

Then, using <P|O§cn)’“”'“”|P> = 2A}PH ... Phn we can get W7 to be

v L DU (2q : P)n_2 " (2q } P)n
I SRS i N

n>0, even (@)1 >0, oven @*)n
+ i, PPg° woZ;)dd 7(2‘1@}:)):1 AT (40)
So we can read out

wip=2 3 BL ()

n>0, even
War =8 2‘2251"1 ~ag, (12)

n>0, even
Wipp=4 Y 2q P A?. (43)

n>0, odd

(f) Now we use Wiy, obtained above to derive a sum rule for parton distribution ff_,
defined by

fi (@,Q%) = 5= ImWayp (2, Q%), (44)

where = Q?/v and v = 2P - ¢ = ys. The the analytic behavior of Wssr, on the
v-complex plane is shown in Fig. 18.11 of Peskin & Schroeder. Thus we can define the

contour integral

L= [ 2 Ly 0,02, (45)

2mi v
where the contour is a small circle around the origin ¥ = 0. This integral picks up the
coefficient of v("~1) term, namely, I3, = 4A”% #/(Q*)". On the other hand, the contour
can be deformed as shown in Fig. 18.12 of Peskm & Schroeder. Then the integral can

be evaluated as

dv 1 4 v
13":2/622 2;1/ (2i) Im Wiy (v, Q%) = (Q—Q)”/o dea™ ' f7(2,Q%).  (46)

Therefore we get the sum rule,

/1 dxac"_lf;(x,QQ) = A}. (47)

0
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3 Anomalous dimensions of gluon twist-2 operators

In this problem we finish evaluating anomalous dimension matrix 4™ in (18.180) of
Peskin & Schroeder, given by

2 n n
n_ __9 (% Y 48
v (47)? <a3f gy (48)

where a’f; has already been evaluated explicitly in the book. Here we evaluate the

remaining three elements. The needed Feynman rules involving operators O;n) and

Oé") are listed as follows:

= A(A ' k)n717

::—ZF“WAnkyl+kFA“A%A~kV*2—QkWAPKA~kW*15“,

>

ap bv
= —2igf*g" AN Y (A ki) (A k)
k1 /7 o N ks j=1
al ) o + (cyclic permutations on paks,vbks, Acks) + - - .

In the last expression, we list only terms containing a metric tensor g"”, and the ignored
terms (marked by - --) are irrelevant in the following calculations. To be clear, we have

introduced a source J(™ to these operators, namely, we write AL = J,(L?.)..M O;ngm'”“",
with Jfg.)..#n = Ay, - Ay, , and A% = 0. As can be easily seen, this source automatically

projects the operator (’)yfg) to its symmetric and traceless part.

(a) Firstly, we consider a’f,, which can be got by evaluating the following two diagrams.

p/

With the Feynman rules listed above, the first diagram reads,

i

o [ T e
0 [ e [P g g 4w

a2 -uw)
: 2 atb n—1 v 4
= — tr |17 de —————=(A -k t Bk — p)]. 49
) [ G [ e e (A e R ) ()
We need to extract terms of proportional to g"*(A-p)™ and of logarithmical divergence.
This needs some manipulations on the numerator of the integrand. We firstly evaluate
the gamma trace, keep terms containing at least two powers of k, and shift the variable
k* — K'* = k* — zp#. Then we pick up terms containing two k', which contributes
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to logarithmical divergence. At last we symmetrize the indices according to k'*k™ —
k"2g* /4. The detailed steps are given as follows.

(A~ k)" tr [y R KRS (K = p)]
= [16(A- k)" k#k”| — [4(A - R)"(k = 2p) - kg™ | = [4(A- K)" 7 (A - )29 |
= [162" (A - p)" KK | — [ana™ (K - p)(A- K)(A-p)" g™

+dnz = 202" LK p)(A-K)(A-p)" g + 42" (A - p)" kg™ |

— [0 D E B AR 4 A ) kg

= [42" (A p)" k29" = [na" + (e — 2)2" 7!+ 4a" | (A p)" k29"
20 = 1)am 7+ 40 (A )RR
=— (2na"™ + 22" (A - p) K2 g". (50)
Then it is straightforward to finish the loop integral,

d4k’/ k/2

ig2 tr [tatb](A .p)ngﬂv/o d:C2(]. o IC)(2TL1‘” + 21‘”71) / Wm
2 9nZaen+2 F(Q,%) ncab
- (4€T)2 n(; +1)(n+ ;) No—ajz (A p)"o bgh. (51)

The second diagram contributes an identical term for n even. The two diagrams sum to

¢ 2*+n+2) T2-9%)
(4m)2n(n+1)(n+2) A2-d/2

: ( —2(A -p)"éabg“”>. (52)
Therefore the corresponding counterterm reads

@ 2m+n+2) T2-4%)

Sep = — 53
117 P nln+ D+ 2) (7 47 (58)

and the anomalous dimension element reads

0 g*>  4(n®*+n+2)
"= —-M—0r, = — 54
Tte oM T T @mZnln+ D(n+2)’ (54)
and thus,
4(n® +n+2)

n o v 7 55
9T nn+ 1)(n+ 2) (55)

(b) Then we consider ayy and ag,. This time we need to evaluate the following four
diagrams.

VAN AVE

The first diagram contributes to ag;, which reads

2 e e ()




Notes by Zhong-Zhi Xianyu Solution to P&S, Chapter 18 (draft version)

X |G (A B+ B2A LA (A - B)"2 = 2k (A B

——2igCo() | gf); | s (Z,(;__gg = By k)"
+ Kp— KA B2 = (A(p— DR+ k- DA) (AR (56)

To find the pieces proportional to A(A-p)"~! and of logarithmical divergence, we manip-
ulate on the expression in the square bracket, shifting the variable k* — k'* = k#* — xp*,
extracting terms with two factors of &’#, symmetrizing the integrand with k'*k"™ —
k"2g"v /4, and throwing away terms proportional to A?(= 0). This gives

[ = BN B ] + [Ap = A - k)"0
— [(Kp— B+ kp— HK) (A 1)
= [ 20— BB + [2K(A- (0= K) (A )28
~ (0 =)+ (0= R) - K) A= (p— B)(A - B)) (A k)"
= 202" (A KA )" 4+ [ 20" T (A K) (A p)
+2(n = 2)(1 - 2)a" (K - p)(A - K)(A-p)"
(1= @)a" 2 (A )R] 4+ 20 (AR (A )
—2(n—1)(1 —2)z" (A K)(A-p)" T - 2%( — "R (A )
— (= D" K p) (A KA )
(= 1)(1 = 2)a" 2K p)(A ) (A p)"2) = 2na" (A K (A p)" ]

o [ [ -

2
[ = (= 1) = @2 4 20m  KR2(A - )
= [Fam e AR A ) (57)
Then we have
1 47 )
_ 2ig? p) Syt gz (AR KT
2ig2C,(N)A(A - p) /O dz2(1 :c)( o ) / G B
2 2 d
g*C2(N) 2(n*+n+2) I'2— %) 1
= A-p)” 58
AP m@ro1) arar AP (58)
which gives the counterterm coeflicient,
W GPC(N) 2(n® +n+2) T(2— 4) (59)
9f — (4m)2 n(n?2 —1) (M?2)2-d/2
Then, in a similar way as in (a), we get
2 2
. PON) AP+ 2)
_ 60
Tof 4?2 nmz—-1) (60)
and for N = 3, C3(N) = 4/3, we get
16 (n®>+n+2)
no_ - 1
gt 3 nn2-1) (61)
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The second to fourth diagrams contribute to ag,. Now we evaluate them in turn.

The second one reads,

d*k ,—i\2 -
_22ace bdecd/ 1
oI (27r)4(k:2> (p— k)2
X [9“”(17 + R+ g (p — 2k) + g (k — 2p)9}
x [ — g (p+k)r+ 932k —p)” + g5(2p — k)a}
8 [g”"(A k)" + RPN AG (A K" = 2k Mgy (A - k’)"_l}

41. 1 —r
= - 2ig2C’2(G)5ab/ ((;:)4 / da ﬁ { C8(A- k)RR — ((A k)2

2(A- k)" (k- p) = 8(A - k)" (A - p) (k- p) + (A - k)" 2 )2 g

1
1
= — 2ig?Cy(G)g"" 5 (A - p)”/ dz2(1 — x){ (3 +5 )x —gne
0

d4k/ k/2
X / (27_‘_)4 (k,/2 _ A)3
2 d
g°C2(G) (4 6 4 4 \T(2-4%) b .
4m?2 \n+2 n+l ' n n—1) A2d2 (=2)g"" 6% (A~ )" (62)

The third diagram reads (where an additional 1/2 is the symmetry factor),

1 d*k —i —i
- .9 2 pacd bcd/ -
2 T | G I = we

x [g"”(p + k)7 + 9% (p—2k)" + g7 (k — 2p)”}

x [9 (p—k) (A -p) - AU(A-p)j_l(A-k)"_j}

Jj=1

—ig?Cy(G)g" 6 (A - p)™ i /O1 dx {(1 + )" — (x—2)(1 - x)j_l}

e
(o)t (#7 A7
_ ( ﬂ_gf) HV(sab LQ_dg) (A.p)n

Zn:( 1 n 1 )
= J j +1 n—j—|—1 n—j+2
2 n 2
CQ 1 F(Q—g) v n
= — [2 E 7 + oy +1} A2=d)2 (—2)g"" (A -p)". (63)
j=

The contribution from fourth diagram is identical to the one from the third diagram.
Summing the last three diagram together, we get

e L - PR BN RACE S P
(47)? <(n+1)(n+2)+n(n+1)4;72>W(2)9 5% (A-p)™. (64)

Thus the corresponding counterterm is

- QQCQ(G) 4 4 n 1 1_‘(27%)
b= (4m)? ((n+1)(n+2)+n(n+1)_4jz:7_2)(]\42)Td/2' (65)

10
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As a result,

n 8
vgg:MaM( dg + 03)

:_(iygr)2[((n+1;l(n+2)+ (n+ 1) z";%__) )_%nfC(N)} (%6)

therefore, for N =3, Co(N) =4/3 and C(N) = 1/2, we have,

no= 4 4 _ nl_l_zn
a99_6((n+1)(n+2)+n(n+1) 42;‘ 379 f)' (67)

Jj=2

4 Deep inelastic scattering from a photon

(a) The A-P equation for parton distributions in the photon can be easily written
down by using the QED splitting functions listed in (17.121) of Peskin & Schroeder.
Taking account of quarks’ electric charge properly, we have,

Tt @ = 15 [ {ren(2.0) ern(30)) o

T e, = 25 [ 0 (£.0) + P (£.0) ) @

og @ T
Torg @0 Z3Q [ Epeon(£.0) +5(%.0)]
P06 (2.Q)), (10)
where the splitting functions are

Paale) = i+ 250 2), ™)
Prele) = AT (72)
Poo(2) =224+ (1 —2)% (73)
Pya(s) == 25(1 - 2) (74)

We take ¢ = u,d, ¢, s, and Qu,c = +2/3, Q4,s = —1/3. The factor 3 in the A-P equations
above takes account of 3 colors. Since no more leptons appear in final states other than
original ete~, they are not included in the photon structure. With the initial condition
fy(z, Qo) = 6(1—x) and fy 3(z, Qo) = 0 where Qo = 0.5GeV, these distribution functions
can be solved from the equations above to the first order in «, to be

2 2
oo, @) = i, Q) = 2 1og L[+ (1 - 7, (75)
0
(@ oy
he@ = (1 > s & ) -a) (76)

(b) The formulation of deep inelastic scattering from a photon is similar to the one
for the proton, as described in Peskin & Schroeder. The process can be formulated as

11
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a two-photon scattering, with one photon being hard and the other one play the role of
proton, which has the internal structure as shown in (a). Therefore, we can write down
the corresponding current product as

W = i/d4x e (3| T{I () J" (0)} ), (77)
which can be again expanded in terms of scalar form factors,

we = (g q;g”)Wﬁ(P#—q“ Pq;q)(P”—q Pq Dwa. (18)

After operator product expansion, the form factor W5 can be expressed as

Wy =3 (24P 4002 79
2 ZQZQ2 Q)2 (@), (79)

and AZ(QQ) is a scale-dependent quantity, whose scaling behavior is dictated by the
anomalous dimension matrix v. This matrix can be evaluated again from the diagrams
in Fig. 18.13 in Peskin & Schroeder and in figures of last problem. The only difference is
that we should replace the gluon field with photon field. Therefore it is straightforward
to see that al} = 0. For a, and aZ),, we should take away the group factor C2 (V) = 4/3,
o> We should take away the factor tr (¢+*t®) = §%/2. In addition, we should

also include the factor Q3 corresponding to electric charge of each quark. Then we have,

while for a”

no__ _ 2 - l_ 2

Qgq = 2Qf[1+4j;j n(n+1)1 (80)
_ 8Q%(n* +n+2)

Y0 T G+ )n+2) (81)

4Q%(n* +n +2)

no_ 9
= =L —. (52)
ay, = 0. (83)

(¢) The n = 2 moment photon structure function can be worked out through the
moment sum rules (18.154) in Peskin & Schroeder, where the matrix elements Ay in
our case is a scale-dependent quantity. This dependence can be found by evaluating
the anomalous dimension matrix of operator 0512) as is done below (18.185) of Peskin &
Schroeder, but with different entries, given by

2 2 64 32
a auu 0 3 X 2au,y o — 57 016 ?
_ 2 2 _
v¥=—— 0 agq 3><2au7 = —— 0 -5 37 |- (84)
47 47
a2 a? a? &4 16 0
Yu vd Yy 27 27

(d) As can be inferred from (a), the photon structure function f,(z, Q) is originally
peaked at x = 1 for ) = )y, and the peak shifts toward smaller x and the peak goes
lower and broader, as ) goes large from Q.

12
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1 Fermion number nonconservation in parallel E and
B fields

(a) Inthis problem we investigate the effect of chiral anomaly on the (non)conservation
of fermion number with definite chirality. Let us begin with the Adler-Bell-Jackiw

anomaly equation,
2

o, i =~ _
w 1672

Integrating the left hand side over the whole spacetime, we get the difference between

ePOE, Foy. (1)

the numbers of right-handed fermions Ni and of left-handed fermions Ny, namely,

to
[atwar = [atea,uh - i) = [ @l - )| = ANk - AN (@)

1

where we assume that the integral region for time is [t1,%2] and that 9;j% integrates
to zero with suitable boundary conditions (i.e. vanishing at spatial infinity or periodic
boundary condition). On the other hand,

PO By By = 4e”F Foy Fy, = —8Fpi (% €41 Fjn) = —8E - B. (3)

Therefore, the ABJ anomaly equation gives,
ANgp — A iy o
Ng — NL:ﬁ d*zE - B. (4)

(b) The Hamiltonian for massless charged fermions with background electromagnetic
field is given by

H = [ & (wDuv ~ £) = - [ Eaity'Div, (5)

where 7 = i is the canonical conjugate momentum of 1, £ = iyIp1) is the Lagrangian
for the fermion, and D,, = 9,, +ieA,, is the covariant derivative. Now we expand the

*E-mail: xianyuzhongzhi@gmail.com
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Hamiltonian in the chiral basis,

wefoes () (7 ) ()
:/d% [@(ia D)y, — vh(io - D)wR] (6)

(¢) Now we focus on the eigenvalue problem of the right-handed fermion ¢ g, namely
the equation —io - Dy = Evg. To be definite, we set the background electromagnetic
potential to be A* = (0,0, Bx', A) with B and A two constants. To seek the eigenfunc-
tion of the form yr = (¢1(z'), p2 (xl))Tei(k2‘”2+k”3), we substitute it into the equation

above and get

) = (ka — eBax)py +i(E + ks — eA)pa, (7a)
¢h = i(E — ks + eA)¢p1 — (ko — eBz')s. (7b)

Eliminating ¢o from these two equations, we get a single differential equation in the
form of the harmonic oscillator,

L2)

// 2 2 1
~ [eB2(at -
! [e v eB

)2 7E2+(k3—eA)2—eB}¢1 =0. 8)
(d) Now we specify the spatial boundary condition to be the box of length L in each
side and periodic boundary condition. Then the condition g (2!, 22, 2®) = Yg(z!, 22 +
L,2%) = ¢r(x1, 22,23 + L) implies that ke and k3 are quantized according to k; =
27n;/L (i = 2,3). On the other hand, ko also has an upper bound since (8) shows that
the center of the oscillator would be out of the box if ks is too large. This condition
implies that ks /eB < L, which further gives the maximum value of ny to be (n2)max =
eBL?/27. Note also that the energy eigenvalue does not depend on ko, thus each
energy level consists of e BL?/2m degenerate states. Furthermore, we can also write
down explicitly the energy eigenvalue associated with the state labeled by (ni,ns):

Ej;{(QﬂLns €A>2(n1+%)63]1/2. 9)

(e) Now we consider the case with ny = 0 for simplicity. Then the spectrum reads
E = 27mn3/L — eA. Suppose that the background potential changes by AA = 27 /eL.
Then it is easy to see that all state with energy marked by ng will turn to states with
energy marked by n3 — 1. Note that each energy eigenvalue is e BL?/27r-degenerate,
thus the net change of right-handed fermion number is —eBL?/27. Similar analysis
shows that the left-handed fermion number get changed by eBL?/2w. Therefore the
total change is ANg — ANy, = —eBL?/r.

2 Weak decay of the pion

(a) In this problem we study the decay of charged pion. So let us work out the
amplitude for 7+ — fv, with the effective four-fermion interaction

_ 4Gr

AL 5 (EL’)/MZ/L)(@L’YMCZL) + h.c. (10)
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and the relation
(0]j°%(x)|x" (p)) = —ip" fr6"Pe " (11)

as inputs. Firstly we recall that

"= Q' QrL + QrY' Qg (12a)
J* = = QIut"QL + QrY'T°Qr, (12b)

where Q1 = (ur,dr)” and Qr = (ur,dgr)?. Thus,
1.4 .. . . = . _
S (12 = g —1j%) = Quat (7! +ir)Qp = . (13)

Then we find the decay amplitude M (7 (p) — £+ (k)v(q)) to be

_ 4iGp ./ 1— 1. )
M = gy (=57 )ok) - 5 i = G fa@p( =)o) (14)

(b) Now let us calculate the decay rate of the charged pion. We note that the amplitude
above can be further simplified to

iM = =Grfru(g)(d + K)(1 —5)v(k) = =Gr fameu(q)(1 + 75)v(k). (15)

Therefore we have

> IMP = GEfImi tr (4(1+3s5) (K — me)(1—75)) = 8GR f2miq-k,  (16)
where the summation goes over all final spins. We choose the momenta to be

p = (mg,0,0,0), k= (F%,0,0,k), q=(E40,0,—k). (17)

Then the kinematics can be easily worked out to be

2 2 2 2
my +my my —my
r 2m2 a=k 2m (18)

The decay rate then follows straightforwardly,

1 dQ k2 k k-1
r—o- | (£ +2)  -8G3s2mia-)

9m, | 1672 B B, \E, ' B,
G%fQ myg 2 2 212

= ZRJm (TN 2 oy 19
drmy (m,r) (2 o) (19)

and we have the ratio between two decay channels,

It +y, 20,02 _ 022
B T (20)
L(nt = pty,)  mZ(mZ2 —m?2)

Thus to determine the pion decay constant fr, we can consider the channel p*v, only
as a good approximation. With the lifetime of charged pion 7, = 2.6 x 10~ 8sec as well
as m, and m,,, we find that

ATmy [ Mg 9 oN—1
= — ~ 90.6MeV. 21
f s ( o~ )(mﬂ m;,) 90.6MeV (21)
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3 Computation of anomaly coefficients

(a) By definition, A%¢ = tr [t¢, {t*,t¢}]. Then for the product representation ry x o,
we have

APy X 1) =t s |11 @ 14101 (P @1+ 100,51+ 1017

T

=T e | ®1+1®t“,{tb,tc}®1+tb®tc+tc®tb+1®{tb,tc}}

=T g ([ N @ L+ [t 1] @ 1 + [t 1] @ £

+t®

ta,tc] + tb ® [ ] 11 [ta {tb tc}])
= tr,[t% {tb tH tr e, (1) + tro, [taa{tbatc}] try, (1)
= A™C(r1)d(rz) + A" (r2)d(r1). (22)

On the other hand, as we decompose the representation r; X ro into a direct product of
irreducible representations Y r;, we have

Aabc(;n‘) :trzr{ztfa{ztﬁvzti}}*trz:r(ZZZ tk})
—Z tr o [0, {8, 85}] =) A% (ry) (23)

%

Note that A%¢(r) = 3 A(r)d* where d®* is the unique symmetric gauge invariant.
Then equating the two expressions above, we get

d(r9)A(r1) + d(r1) A Z A(r). (24)

(b) In this part we show that the representation (3 x 3), of SU(3) is equivalent to 3.
Let 9; be the base vectors of 3 representation. Then, a set of base vectors of (3 x 3), can
be chosen to be €;;,1;1%. From the transformation rule 1; — U;;%;, we know that the
(3 x 3), base vectors transform according to €;;5%; ¥k — €imnUm;Unk®j¥s. Now, it is
easy to show that €p;nUpiUnm;Unyi is totally antisymmetric, and thus is proportional to
€ijk- Let us write €pmnUpiUnm;jUni = Céyjk, then taking U = I shows that C' = 1. Now we
multiply both sides of this equality by (UT);,. Since U is unitary, (U);, = (U™1);p, so we
get €pmnUmiUnk = eijk(UT)ip. That is, the base vector €;;,U;Uj, transforms according
to €;xU;Ur — (UT)giegjkijk = (U")irerjithjir, which is exactly the transformation
rule of 3.

Now from A(3) = 1, it follows that A(3) = —1. Therefore A((3 x 3),) = —1, and
by using the equation derived in (a), we have A((3 x 3);) =6 — (1) =T.

(c) Now we compute the anomaly coefficients for a and s representations of the SU(N)
group. As indicated in Peskin & Schroeder, it is enough to consider an SU(3) subgroup
of SU(N). Then the fundamental representation N is decomposed into a direct sum of
irreducible representations when restricted to SU(3), that is, N = 3 + (N — 3)1. This
decomposition is easily justified by considering the upper-left 3 x 3 block of a matrix in
fundamental representation of SU(N). When this block is treated as a transformation
of SU(3), the first three components of the vector on which the matrix acts form a
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fundamental representation vector of SU(3), while the other (N — 3) components of the
column vector are obviously invariant. With this known, we have,

NxN=3+(N-3)1)x (3+(N—-3)1)=3x3+2(N—-3)3+(N—-3)°1. (25)

On the other hand, we know that N = s + a while s and a are irreducible. Then we
have, by (a), 2N - A(N) = A(s) + A(a). But we already know that A(N) = 1. Thus
A(s) + A(a) = 2N. Now, to compute A(a), we make use of the SU(3) restriction,

(NxN),=(3x3),+(N—-3)3+1(N-3)(N-4)1. (26)
Then,
Aa) = A((3 x 3)) + (N —3)A(3) = A(3) + (N — 3)A(3) = N — 4, (27)

and A(s) = 2N — A(a) = N + 4.

Now consider totally antisymmetric rank-j tensor representation. Again we decom-
pose the fundamental representation as N = 3 + (n — 3)1. Then the rank-j totally
antisymmetric tensor can be decomposed as

(N=j)- (N =j+1) (V-8) (V)
G-

(j—2)!
+ (N?’)('j' '_(le)!] Dy (28)

(Nj)a =

(3x3x%x3),+

3 X 3),

Therefore,

(N=38)(N=j—1)
G2t G
_ (NS)M(J(.]il)‘!])(N%)' (29)

4 Large fermion mass limits

In this problem we study the chiral anomaly and the trace anomaly in triangle
diagrams with Pauli-Villars regularization.

(a) and (c) Firstly we evaluate the expectation value of the divergence of the chiral
current 7% between the vacuum and the two-photon state, namely the matrix element
(p, k|7#°|0). This matrix element receives contributions at 1-loop level from the following
two diagrams:

~ —K

In momentum space, the divergence of the first diagram reads

4

e e b~ e s 2 e
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— tr [¢y° L ML 2 ]} (30)
f—k-M f-M [f+p-M
The integral is finite, thus we are allowed to shift the integral variable. For the first
trace and the second trace above, we rewrite the g75 factors, respectively, as follows,

= +p— LR =Py (R,
= tp—M—f+F+ M = +p— MNP +7°(f K= M)+ 2M.

Then, the loop integral becomes

w2 5l
tr[ = %1 T A MR v l+??1 M}

waMe [y T wil) 31

In the expression above, the first and the second lines are canceled by the corresponding
terms from the second diagram with (k, A + p,v), while the third line is doubled.
Therefore the sum of two diagrams gives

1M“”A4e2M/—d4£ tr[’ys ! _— o ! }
o UM M Ty

d*e 1o 2N
= s f 5 [« / T
0 —xzk + yp)? — A]

2 1—x
_ 41@ MN1 / dx/ (32)

with

Ny =tr[Y°(f —F+ MW (£ — M)y (£ +p+ M)| = —4iMe* W kqopg,
A=M?*—2(1—2)k*—y(l—y)p*—2zyk-p.

Then the integral can be carried out directly in the M? — oo limit, to be

2
3 n € v
ig, MHA = — 3.2 PN kg, (33)

as expected.

(b) and (d) For scale anomaly, the diagrams are the same. Now the relevant matrix
element is given by (p, k|M1)|0). Then the first diagram reads

1/\4?”63(}7)63(@1@2]\4/(&6 H[ : ;é¢ (k )kz’é v )ﬁ]

ol W W o

The first trace vanishes upon regularization, then,

. UV x * 2 d4€l e
iMi" e (p)ex —ie*M 6’2 ) ) (35)
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where ¢/ = £ — zk +yp, A = M? — 2zyk - p, and the trace in the numerator is

Ny = tr[(f = k+M)¢"(k)(f + M)¢"(p)(f +p+ M)]
= AM[M?e* (k) - € (p) + (€"(K) - p) (¢"(p) - k) — (¢*(k) - €"(p)) (k - p)
+4(e*(kz) -6) e*(p) -E) — (e*(
=AM [M?€* (k) - € (p) + (1 — day) (e (k) - p) (€ (p) - k)
—(1=2zy) (e (k) - €' () (k-p) + (5 — 1) (" (k) - €"(p))£7],

where we used the transverse condition k-¢*(k) = p-¢*(p) = 0, and in the last equality, the
substitution £/#¢"" — % " 0”2, We also dropped all terms linear in ¢ in the last equality.
The integral is then divergent, and we regularize it by dimensional regularization. Then
after carrying out the loop integral, we get

IMP e (P (k) = S (k) - € ) (k- p) = (€ (k) ) (€' (?) - ¥)]
1—x —Agx 2
/ da / c _42;’;24 . (36)

Then, taking M? — oo limit, we find

M (p)es (k) = —— [(¢* (k) - € (p)) (k- p) — (€(k) -p) (*(p) - k)] (37)

1272

The second diagram is obtained, again, by the exchange (k, A <> p,v), which gives the
identical result. Therefore we finally get

MG (p)Es (k) = 5 [(€°(k) - € () (k- p) = (" (k) -p) (€"(p) - k)] (38)
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1 Spontaneous breaking of SU(5)

We consider two patterns of spontaneous breaking of SU(5) gauge symmetry, with
an adjoint-representation scalar field ® picking up vacuum expectation values

(D) = Adiag(1,1,1,1, —4), (®) = Bdiag(2,2,2, -3, —3), (1)
respectively. The kinetic term of the scalar field in the Lagrangian is
Lign. = tr (D, @)/ (D“®)) = tr (2@ + glA,1, @) (0@ + g[4%, @) (2)
Then the mass term of gauge bosons after symmetry breaking is given by
AL = g% tr ([A, @]T[A", @) = —g2As 47 tr ([T, (@)[T", (@))). (3)

To analyze the gauge bosons’ spectrum, we note that there are 24 independent generators
for SU(5) group, each of which can be represented as a 5 x 5 traceless hermitian matrix.
Then, for the first choice of (®) = diag(1,1,1,1,—4), we see that for the generators of
the form

T# .
T= 0 and T = 2md1ag(1,1,1,1,—4),
where T is a 4 x 4 matrix being any generator of SU (4) group, the commutators
vanish. That is, a subgroup SU(4) x U(1) remains unbroken in this case. Then, for the
rest of the generators, namely

0 0 001 0 0 0 0 i 0 0 00O
100000 100000 100001
500000,500000,500000,

0 0 00O 0 0 0 0O 00 000

1.0 0 0 O -1 0 0 0 O 01 000

*E-mail: xianyuzhongzhi@gmail.com
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etc, it is easy to calculate the commutators to get the trace equal to —25A42/2. Thus
the corresponding components of gauge bosons acquire mass M4 = 5gA. In the same
way, we can also analyze the case of () = diag(2, 2,2, —3,—3). This time the unbroken
subgroup is SU(3) x SU(2) x U(1), and the remaining 12 components of gauge bosons
acquire a mass equal to M4 = 5gB, as can be found by evaluating the corresponding

commutators.

2 Decay modes of the W and Z bosons

(a) The relevant interaction term in the Lagrangian reads

AL = fgW"'(ZVL’V eir + ZumﬂdgL), (4)
e
where the sum on ¢ goes over all three generations of leptons, the sum on j goes over
the first two generations of quarks, since m; > myy, and the sum on c is due to 3 colors.
Now consider the decay of W boson. The amplitude of the decay into a pair of
fermions is

_AD

M = L, By (ol )

where €, is the polarization vector for Wlf, and the labels for momenta are shown in

Fig. 1. Thus the squared amphtude Wlth initial polarlzatlons averaged is

ks

Figure 1: The decay of W+ and Z° into fermion- antlfermlon pairs. All initial momenta go
inward and all final momenta go outward.

5

LS £ (g (1

spin

e ()

g k-pik - p2
=7 (p- g LMY 2 ) 6
3 <p1 P2t mQW ) (6)
The momenta in the center-of-mass frame can be taken to be

k = (mW705070)5 pP1 = (p70507p)5 P2 = (p70507 _p)7 (7)

and energy conservation requires that p = my / 2. Thus we get

Y Z iM[* = g miy, (8)

spin

and the decay rate

d3p1d3p2 1 2 9 4 amy
dr = om0 (k —p1 —pa) = ——=—, (9
/ 2mw/ Sm)02E 0, \ 39 " J@m Ok —pr—p) = e, (9)
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where we have used g = e/ sinf,, and a = e2/4rn. For each quark final state we multiply

the result by a QCD correction factor (1 + 2= ) Then, taking account of 3 generations
of leptons and 2 generations of quarks with 3 colors, we get the partial decay rate of

W into fermions,

amw

(W' = efy;) = ——— ~0.23GeV; 10
( e vi) 125sin? 6, ¢ (10)
- amyy g

r(w di) = ———(1 ~ 0.70GeV; 11
(W > uydy) = s (145 eV; (11)

. amw Qg
LW+ = f =—" (9+6 ~ 2.08GeV. 12
( ermions) T 9w< + - ) e (12)

and also the branching ratios BR(W* — efv;) = 0.11%, and BR(IW* — w;d;) = 0.34%.
Note that the fine structure constant at my is a(mw ) ~ 1/129.

(b) In the same way, we can also calculate the decay rate of Z —fermions. The
relevant term in the Lagrangian is

g - .
ML= 2 23 o 0 =i 0.0) . 13)

where the sum goes over all left- and right-handed fermions, including 3 generations
of leptons, and the first two generations of quarks with 3 colors, while I? and Q; are
associated 3-component of the weak isospin and the electric charge, respectively.

Then we can write down the amplitudes of the decay of Z° into a pair of fermions
ff with specific I® and Q, as illustrated in Fig. 3,

cosf, 2

. .5 5

iM= 29, (k:)u(pl)yu{(l?’—sinQGwQ)(1 - )—sinQ@wQ(H7 )]U(m)
ig 1—7°

cos@weu

Byt P (1520) s 0,0 olpa), (1)

the squared matrix elements,

1 2 G ( Kk )
3 Z|1M| - 3 cos2 ew Guv + m2

spin Z

X tr []?2’7”(%13(1 — ~5) — sin? GWQ>3D17V(%13(1 — ~5) — sin? er>]
49? 2% . )
] [(%ﬁ —sin®0,Q)” + (513)2} (p1 s+ k p12k P2 )

3cos 2 mZ
4927’7122 173 2 2 1 13\2
~ 3cosf? [(71 —sin® 0,Q)" + (3 1°) }’ (15)
and the partial decay rate,
R amy . 2 9
F ZO% — 5 - 4 ijgf 291[1 + iI3 . 16
( £9) 3sin? 0, cos? 0y, [( 2 sin Q) ( 2 ) } (16)

We should also multiply the result for quarks by the QCD factor (1 + Lo ) Now we

s
list the numerical results of partial width and the branching ratios for various decay

products as follows.
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fr I'(ff)/GeV_ BR(ff)
Vele, Vyly, Vrlr 0.17 6.7%
eet, umpt, Tt 0.08 3.4%
uil, cc 0.30 11.9%
dd, s3, bb 0.39 15.4%
All fermions 2.51 100%

3 e'e” —hadrons with photon-Z° interference

(a) Tt is easier to work with amplitudes between initial and final fermions with definite
chirality. In this case the relevant amplitude is given by™*

(I2 +s3)If = 50,Qp) ¢

M4=G@%%ﬁwwh%§%@ﬂwa@ﬂ —Qr+

where I3 = —1/2 or 0 when the initial electron is left-handed or right-handed, so as I J?c’
to the final fermion. The momenta is labeled as shown in Fig. 2. Then we can find

f f

p1 D2

k1 ko

e et

Figure 2: The process of e"e™ — ff via the exchange of a photon/Z° in s-channel. The
directions of k;’s and p;’s are inward and outward, respectively.

associated differential cross section to be

’/T()é2

dj(zfsé(e;gez = fnfr) = 2s (1 +cos0)* Fro(f), (18a)
i’ (eper — frfr) = o (1 —cos8)’Frr(f) (18Db)
dcosf B LIk 2s Lr\J),
2
T €t = Fufs) = (1= cost)* P (1), (180)
2
dii@(e{eg = fufr) = 7;0; (1 + cos6)* Frr(f), (18d)

in which « is the fine structure constant, s = ¢ is the center-of-mass energy, and the
F factors are defined as follows:

(£ = s2)(1} = 52Qy) s ’
. _ 19
ro(f) = |Qf + s2c2 s—m% +imzTy 19
(5 —52)Q; 5 ’
- o 20
Lr(f) = |Qf 2 s—m2 +imzgTz|’ .
(13 = s2Qy) s ’
- - 21
rL(f) = |Qf 2 s—mZ +imzlz|’ .

*In this problem we simplify the notation by s, = sinf,, and ¢y, = cos 0y, .
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S

2
Frr(f) = ‘Qf T,

2
Cuw

22
C mQZ +imzl'y ( )
where we have added the correction from resonance by using the Breit-Wigner formula

over the angle 0, we get finally the unpolarized cross section

= 7'('Oé2
o =T

Summing up the four expressions in (18), averaging the initial spins, and integrating
)

{FLL(f) + Frr(f)+ Fro(f) + FRR(f)}

As

(23)
When the final state particle f is a quark, one should multiply the result by 3(1 + &= )
where 3 is the color factor, and (1 + ) is the 1-loop QCD correction

For the final fermion being muon (I3 = —1/2, Q¢
Q@ = 2/3), and down quark (

—1), up quark (I} = 1/2,
—1/2, Q¢ = —1/3), we plot the corresponding cross
section as a function of center- of mass energy Ecy = +/s in Fig. 3

10%F T T T T3
1000} E
Qo
53
& 100} E
10F E
50 100 150 200
Ecm/GeV

Figure 3: The cross section o(e*

e'e

— ff) as a function of center-of-mass energy Ecm. The
black, blue, and red curves correspond to ff = u~ut, ui and dd, respectively.

(b) Now we calculate the forward-backward asymmetry Az 5, defined to be

af OF — 0B (folffo )dcos@(da/dcos@)
o (fo +f )dcosf(do/d cos )
Then from (18), we find

o = 2 [TFuu(f) + Fun() + Fru(f) + TFan()] (25)
o5 = 20 [Fuo(f) + TFeR(f) + TFra(7) + Frn() (26)
Thus
AéB—i' Fri(f) = Frr(f) = Fre(f) + Fre(f) (27)
4 Fpo(f) + For(f) + Fre(f) + Frr(f)
Again, we plot AL, as a function of Ecy, for f = p~,u,d, in Fig. 4
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-0.2}F 4
—04f h

—0.6}F 4
Mz

40 60 80 100 120 140
Ecm/GeV

Figure 4: The forward-backward asymmetry Aé g as a function of center-of-mass energy Ecwm.
The black, blue, and red curves correspond to ff = p~p+, u@ and dd, respectively.

(c) Recall the definition of F’s, we find, on the Z" resonance (s = my),

)1 =) my |’ 1-s :
FLL(f)N[<2 i igcJCQ i f) ?ZZ}, FLR(f)N[(2 c; )Qf ?Zz]a
I3 _ 2 2 9 2
Fri(f) ~ {( f Cijf) 7;%22] 7 Fan(f) ~ {SU;QQJ‘ 7;%_22} ,

therefore,

3
= AS AL L. 28
)2 +Sﬁ)} I:(I? . S%ij)Q + (S%UQf)2j| 4 LR“*LR ( )

(d)

2 2
Opeak = SmQZ . 54 C4 : FQZ 9 Sw) + Sfui| |:(I? - si)Qf) + (si)Qf)2:|
ww

= 2 (e (- vst] ) (e ) - 200 + (2]

m%I'% \ 6522, 6s2,c2,
12 T(Z° > ete )I(Z° = ff) (20)
- omy s '

4 Neutral-current deep inelastic scattering

(a) In this problem we study the neutral-current deep inelastic scattering. The process
is mediated by Z° boson. Assuming myz is much larger than the energy scale of the
scattering process, we can write down the corresponding effective operators, from the
neutral-current Feynman rules in electroweak theory,

2

g _ _
AL = 4m%/V (V’}/#)PLV{U’)/#((]. — %si})PL — %siPR)u

+ dy,, ((1 — 2s2)P — %Si,PR)d} +h.c., (30)

where P, = (1 —~°)/2 and Pr = (1 + ~°)/2 are left- and right-handed projectors,
respectively. Compare the effective operator with the charged-operator in (17.31) of Pe-
skin & Schroeder, we can write down directly the differential cross section by modifying
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(17.35) in Peskin & Schroeder properly, as

2q GZ sz 2
(op = vX) = {1 452) 4 b0 -7 )

=)@ 62

(b) For the neutrino scattering from a nucleus A with equal numbers of protons and
neutrons, we have f, = fq and f; = f7. Then the differential cross sections reads

d2 G2
(M;Aw4%VX) {5 - sh + 3t + 3t =) ful@)
[k (F -+ 3 -] fa@], (33)
d? G2
o p = 7X) = TEE{ 8 (4 = b+ §5b) (1 -] ulo)

P34 St Esd - )] fule) (34)

Recall that for charged-current neutrino deep inelastic scattering, the differential cross
sections are given by (17.35) in Peskin & Schroeder. Thus it is easy to find that

s PojdadywAsvX) 1, 5 Fu@) (1~ + fala)
R = Flaguispmx) 2 ™79 “’<” . ($)+fu( )T y)? > (35)
o Pofdey(pA 5 pX) 1, 5 (L )+ A@(0 -y
R'= Sl smx) 2 ™19 “’<” L@ =) + ol >>’ (36)
where

ful@)0 = y?) + fule)
Ful@) T Fa(@)(1 — 42

(37)

(c) The plot “Weinberg’s Nose” with r = 0.4 is shown in Figure 5.

5 A model with two Higgs fields
(a) The gauge boson mass matrix comes from the kinetic term of scalar fields,

(Dyr)"(D*¢1) + (Dpucpa) (Do),

with D¢ 2 = (8# — %gAZ @ — ;Q/Bu)¢1,2~ After ¢ 2 acquire the vacuum expectation
value %(v?j), we observe that each of the kinetic terms gives rise to mass terms for
gauge bosons similar to the ones in the standard electroweak theory. Thus it is straight-
forward that the masses of gauge bosons in this model is given by the replacement
v — U% + ’U%.
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1.0

0.8

0.4¢

sin? 4, = 0.23

Figure 5: Weinberg’s nose with r = 0.4. See problem 21.4.

(b) The statement that the configuration \%(v?2) is a locally stable minimum, is

equivalent to that all particle excitations generated above this solution have positive

squared mass m?. Thus we investigate the mass spectrum of the theory with the vacuum
1

chosen to be 73 (vfz) Firstly, we parameterize two scalar doublets as

T .

and substitute this parameterization into the potential,

V = — 126161 — p2ohen + M (610) + Aa(6da)?
F A3(0101) (Dhd2) + Ma(B]62) (9561) + A5 (6 h2)? + hec.). (39)

Then the mass term of various scalar components can be extracted, as follows.

. +
Linass = (>\4 + 2)\5)1)11)2 (7’(; //T;) (UQ—/fl ’U1/22> <Z§r>

B 0
+ 250102 (”? 7Tg) (W_/fl U1/22> <Z§>

A1 (v1/v2) A3+ A+ 2X5 hy
— hi h . 40
v1v2 ( 1 2) (}\3 + A+ 225 )\2(1)2/1}1) ho ( )

The eigenvalues of these matrices are easy to be found. For charged components, there
is a zero mode corresponding two broken directions in SU(2), and the mass of the other
charged scalar is given by m2 = —(\y + 2X5)(v? + v2). For pseudoscalar components,
there is also a zero mode corresponding to the rest one direction of broken SU(2), and
the mass of the other pseudoscalar is mf, = —4X5(v} 4 v2). Finally, for neutral scalars,
the two mass eigenvalues are given by the roots of following equation,

m2 — (A} + Aav3)m2 + [Mda — (A3 + s +2X5)%] = 0. (41)
Therefore, to make m?2 > 0, mz > 0 and m2 > 0, it is sufficient that

A+ 225 <0, As <0, A1, Ag > 0, A1 > ()\3 + M+ 2)\5)2. (42)
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(¢) From the mass terms in (b) we can diagonalize the charged scalar mass matrix

™\ [ cosB sinB) [
<¢+> N (— sinf8 cos B) (7@") ’ (43)

where 7" is the Goldstone mode and ¢* is a physical charged scalar. Given that ¢™

with the rotation matrix

to get the physical mass, it is easy to see that the rotation angle can be chosen to be

tan 8 = vg /v1.

(d) Assuming that the Yukawa interactions between quarks and scalars take the fol-

lowing form,

+ 1
Ly =— (ﬂL d_L> Ad ?1 dr + Ay ‘/ij)Q UR
E’Ul 7r

where we have suppressed flavor indices and neglected neutral scalar components. We

+h.c, (44)

focus on charged component only. Then, with Peskin & Schroeder’s notation, we make
the replacement vy, — Uyur, dp — Uqdp, ur — Wyug, and dg — Wydgr. Then,
together with \y = UdDdW; and \, = UuDuWJ where Dy and D,, are diagonal matrix,
we have

1 _
Lo = — — (UldLDddR + ’U2ﬂLDuuR)

V2

— ﬂVCKMDddRTrf_ + CiLVgKMDuuRTrQ_ + h.c. (45)

From the first line we see that the diagonal mass matrix for quarks are given by m, =
(v1/v/2)D,, and mg = (v2/v/2)Dg. We further define v = /v +v? and note that
ﬂf = —¢tsing---, ﬂ; = ¢t cos B+ -, then the Yukawa interactions between charged
boson and quarks can be written as

2 _
Ly = — or (aLVCKMmddef + dLVgKMmuuRﬂ';) + h.c.
1

2 _
é% (aLVCKMmddR¢+ tan 8 + dLVgKMmuuqu_ cot ﬁ) + h.c.. (46)
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1 Weak-interaction contributions to the muon g — 2

In this problem we study the weak-interaction corrections to the muon’s anomalous
magnetic moment (AMM). The relevant contributions come from the W-neutrino loop
and Z-muon loop, together with the diagrams with the gauge bosons replaced with the
corresponding Goldstone bosons. Here we will evaluate the W-neutrino loop diagram
with Feynman-'t Hooft gauge and general R, gauge in part (a) and part (b) respectively,
and Z-muon diagram in part (c).

(a) Now we come to the W-neutrino loop diagram and the corresponding Goldstone
boson diagrams, shown in Fig. 1.

(d)

Figure 1: The weak-interaction contributions to muon’s EM vertex. These four diagrams
contain neutrino internal lines in the loops.

The Fig. 1(a) with W-neutrino loop reads

i 2 4
5{ITH (q) = ( ‘g) / (gﬂl)l (972 (2k + @)" + g™ (—2q — k)” + g™ (¢ — k)*]

_igpo _igkﬁ AN 1- 75 i K 1- 75
kQ—m%,V(quk)Q—m%,Vu(ph( 2 )p’ﬂé”( 2 )“(p)

ig? [ A% [t T 2 o
T2 (2@4/0 d“’”/o dy muw)[(%ﬂ) P+ F)e

5

(K= 20)(0 + B+ B - 0] (A5 ul), 1)

*E-mail: xianyuzhongzhi@gmail.com
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where

K =k+aq+yp,

A=(1—-ymdy —z(1 —2)¢* —y(1 —y)p? +22yq - p'.
To extract the form factor Fy(q?), recall that the total diagram can be written as a
linear combination of (p’ + p)*, ¢*, v*, and parity-violating terms containing v°. Only
the (p'+p)* terms contribute to F»(g?) through the Gordon identity. With this in mind,

now we try to simplify the expression in the square bracket in (1), during which we will
drops terms proportional to ¢* or v* freely, and totally ignore the +° terms.

(284017 + B0 | + (k=200 + 07| + [ + g~ )
= [ 202K + (1 = 2000 — 200)" (K — g+ (1= p)p) |

+[(—F =@ a)g+ ) (K —ag+ (- p)p)r"]

+ [v“(k' —ag+(L—yp)(—F + A +a)d+ yp’)}
= [4y(1 - y)mp'“} + [2(:5 yoy— 2)mp“} + {2(—1 o+ y)mp'“}

= — (1= —2y)m(p’ +p)"
ic* q,
2m
The steps of this calculation is basically in parallel with the one of Problem 7.2. Here

= 2(1 —y)(3 - 2y)m> -

we have written the mass of muon as m instead of m, to avoid confusions. Thus the
contribution to the muon’s AMM from Fig. 1(a) is

ig? [ d*k ! e 2 1
| — [ 4 dy ————— = . 2(1—y)(3 - 2y)m?
5 / 2n) /O 56/0 YR AR 2 (1=y)(3—2y)m
LT gm? T Gem? (2)
T3 64n?mi, 3 8722’
where we have used the approximation my > m, and set ¢ = 0 in the second line.
The Fermi constant Gr/v/2 = g2/8m¥,.

Fig. 1(b) and 1(c) read

5(b)F“(q) = i L Zmw —iv2gm / d*k ghe i —igpo
' vz 2 Tow ) et R mg R -y
_ 1-— 75 i (1= ’75
X u(p/)( 5 >1f”/ 2l ( 5 )u(p). (3)
5TH(q) = g —mw  —ivV2gm / d*k o —igp0 ;
’ V2 2 mw (2m)4 k2 —m2, (¢ + k)2 —m?,
_ o 1-— "}/5 i 1+ 75
x a(p)y ( 5 )PI +k( 5 )u(p) (4)

Through the calculation similar to that of Fig. 1(a), it is easy to show that these two
diagrams contribute the same to the AMM, which reads

1 Gpm2

1 , 5
2 8722 5)
Finally, Fig. 1(d) reads
. d . .
Dpu(gy — —iv2gm 2/ d®k ok — g\ i 1
% (9) ( mw ) (27r)d( k=a) k2 —m3, (q+ k)2 —m3,
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o) (5 ) (e g

But it is not difficult to see that the contribution to the muon’s AMM from this diagram
is proportional to (m/mw)?*, which can be omitted in the limit my > m, compared
with the other three diagrams. Therefore we conclude that the AMM of the muon
contributed by W-neutrino and corresponding Goldstone boson’s 1-loop diagrams is

7 1 1 (m2>} Grm? 10 Gpm

W) =5 3+ 3 400 ) | sevE T3 seve (7)

(¢) Now we come to the second set of diagrams as shown in Fig. 2.

ut
~<
L g I
q !
=
(a)

Figure 2: The weak-interaction contributions to muon’s EM vertex. These two diagrams
contains no neutrino internal lines.

Firstly the Fig. 2(a) reads

5(a)w( ) = ( ig )2/ (ddk —igpo

dey 277) (p +k?) —mZ

x u(p' )y (453, — 1 —+°) % — gi%mv"(élsfu—l—'ys)u(p)

- 1252 /d - / df”/ - [CZENE A): su(p ’)v”[(kz+m)v“(k+g+m)
+ (482, = 12(F —m)y" (F + ¢ — m)} pulD), (8)

where we have omitted terms proportional to 7°, as indicated by “=" sign, and

k' =k+xq+yp
A= (1-y)m®+ymy — (1l —2)¢* —y(1 —y)p"* + 2zyq - p.

We will again focus only on the terms proportional to (p’ + p)*. Then the spinor part
can be reduced to

AP )7 | ()" (4 g+ m) + (353 — )2 (K — m)y* (k + g — m) | pu(p)

= [2y(3 +y)—(4s), —1)% - 2y(1 - y)} 2m” - ﬂ(ﬂ)%ﬂ(p)-

Thus the AMM contribute by this diagram is

ig? A4k 1= 2 2m22y(3 +y) — (452, — 1) - 2y(1 — y)]
- / e =47
Gpm 2

=553 {(4 1)% - 5] 9)
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On the other hand, the Fig. 2(b) only contributes terms of order m*/mg; that can be
omitted, as can be seen from the coupling between the Goldstone boson and the muon.
Thus we conclude that the total contribution to a,(Z) from the two diagrams in Fig. 2
at the leading order is given by (9).

2 Complete analysis of ete™ — W~

In this problem we calculate the amplitude for the process ete™ — W+W ~ at tree
level in standard electroweak theory. There are 3 diagrams contributing in total, as
shown in Figure 3.

W+ w- Wt W=

P1 P2 ‘/JJV

0l A
k1 ko

e~ et e~ et

+

Figure 3: The process e et — WTIW ™ at tree level. All initial momenta go inward and all

final momenta go outward.

We will evaluate these diagrams for definite helicities for initial electrons as well
as definite polarizations for final W bosons. The initial and final momenta can be
parameterized as

k' = (E,0,0,E), pi = (B, psin®,0,pcosb),
kY = (E,0,0,—F), ph = (E,—psin6,0, —pcosb), (10)

with E? = p? + m3,, and electron mass ignored. For initial electron and positron, the
spinors with definite helicities can be chosen to be

ur (k1) = V2E(0,1,0,0)7, vr(k2) = V2E(1,0,0,0)7,
ur (k1) = V2E(0,0,1,0)", vr(ks) = V2E(0,0,0,1). (11)

For final W bosons, the polarization vectors are

€, (pm) = %(0 —cosf, —i,sinf), €, (p2) = %(O,cos@, —i, —sind),
€ u(m) = %( —cos#,i,sin6), € u(p2) = %(0 cosf, i, —sinf),
€ru(p1) = mW 7=(p, —Esind,0,—Ecost), €r,(p2)= ml (p, Esin0,0, Ecosf). (12)

It is easy to see that for initial electron-positron pair, only two helicity states eZeE
and el_%ez' contribute nonzero amplitudes. This is because the first two diagrams with
s-channel gauge bosons vanish for the other two possibilities e, e} and epe), due to
angular momentum conservation, while the third diagram vanishes since the weak cou-
pling vanishes for right-handed electron and left-handed positron. With this known, we
can write down the amplitudes for eZeE and 61_262_ initial states, as follows. Generally

the amplitude reads

iM(ejeh, = WTW™)
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B . —i . ie(—+ +s2) —i ,
B { [( ie) (k1 + k2)? (ie) + CwSw (k1 + k2)? —m?, (igew)
x op, (k2)vaur (k) [0 (p2 — p1)* + 172 (—=p1 — 2p2)" + 0™ (2p1 + p2)” ]

i

() mutho* g i) e )

+

= ie2 [s,(smi%n%) - %ﬁ}%(/@)(e*(m) € (p2) (P, —py)

— (p1+2p2) - € (P)f" (p2) + 201+ p2) - € (p2)¢" (1) )ur (k)

o () (1) — )¢ s (), (13)
and,
iM(epef = WTW™)
= |(—ie) G ; PSE (ie) + Cw;; o k;)Q —Z (igcw)} og(k2)yaur (k1)
X [0 (p2 — p1)* + 0" (=p1 — 2p2)" + M (2p1 + p2)”] €l (p1)€s (p2)
m2
= i6* o) (€ (1) € (), — ) = (1 202) € (1) (2)
+ (2p1 + p2) - 6*(p2)¢*(p1))uR(k1), (14)
In what follows we need the inner products among some of these vectors, as listed below.
p1-p2 = E* +p? p1~€6(p2):p2~68(p1):%,
2 2
o) =) ) =1 ) ) = S (19
We also need
v (k2)p ur (ki) = —vr(k2)pyur (ki) = 2Epsino, (16)
N 1+ cosé
Buka) i (paJus (k) = 28 (T2 ), (7)
" 1 —cosf
01 (k2)f5 (p2)ur (k1) = zE(jFT), (18)
(ka1 )us () = o (k) pe)ull) = 2= (19
Or(k2)p,ur(k1) = —vr(k2)p,ur (k1) = —2Epsin0, (20)
" 1+ cos#
Buha) (s (k) = —2B (T2, (21)
" 1—cos#
Bu(k)f (p2)ur (k) = —2B(~—227), (22)
L ka) ) (k) = —on () (paJulhy) = — 2200 23)

We first consider e} e, — WTW ™. In this case we take u(k1) = uz (k1) = v2E(0,1,0,0)
and (ko) = o (ko) = v/2E(0,0,1,0). Then each of the final W particle can have polar-
ization (4, —,0), which gives 9 possible combinations for (W', W ™). Now we evaluate
the corresponding amplitudes in turn.

: -+ +
iM(eper — W

oW

(©



Notes by Zhong-Zhi Xianyu Solution to P&S, Chapter 21 (draft version)

2 1 1 AEp(E? + p? 16E3
2162[%__2 2](_ »( ) QP)SmH
s(s—m3) 282 s— Mz myy, myy,

ie? 1 2E(-3E%p+ p® —2E"cosf)sinf
252 u m%/v
2
) S my 5
— _ie2. _Mz (3 _
1 2 s 4 cosf
243, - 34 ing (24
28%“{(”52*25“59 S—W%)B( ﬂ)+1+62+26cos9”m (24)

1M(eLeR%W(0 W(i)) iM(epef, = Wi Wy )

)
. my 1 1 8E%p F1+ cosf
‘le[swméfﬁsm](mw i)
ie?2 1 2E +1+ cosf

- . E?(2cos0F1)+2Ep+p
232u mw( (2cos0 1) +2Ep £p°)

V2

= ie” [5 — mQZﬂ a 2%, <s — m2Zﬂ + :t117+2;(2)s—i—9276%:§s:|; = )] %il%;os@ (25)
iM(epef — W(J;)W(;))

= ie? [s(smi%n%) — %ﬁ] ( — 4Epsin9> + gi 2E(p + Ecosf)sind

:ie2[— (sfmz)6+252 ( MQB_ (1+(6621€20;z())59))]sm9 (26)
iM(e el — W W(:F))

= 2162 . “2E%(F1 + cos ) sinf = .62 (21(:—t|—152 i‘);g);i;l:) (27)

Though not manifest, these expressions have correct high energy behavior. To see this,
we note that 8 =~ 1 —2m3,/s when s > m,. Then, for instance, the amplitude for two
longitudinal W final state becomes

iM(e el = WEW ) = —ie? - > { mQZQ -B(3 — %)

(0) 77 (0) 4m2, | s —m%
1 2 5 9 4cost .
- — - — 0
252 {(1—1—624—26(:059 s—m%)ﬂ(g ﬂ)+1+62+260059}}sm

ie? (14 2cosf)sinf
253, 1+ cos®

0@1/s). (28)

Then we can plot the azimuthal distribution of the corresponding differential cross
section at s = (1000GeV)?, as shown in Figure 4.

Next we consider the other case with egez initial state. Now there is no contribution
from wu-channel neutrino exchange. The amplitudes for various polarizations of final W
pairs can be worked out to be

2
s my

B(B* —3)sind, (29)

1M(6R6L—>W W) = 1M(6R6L—>W W)
, m% /s  +1—cosf
s —m% mw V2

IM(GREL — W W(O)) mélmw

(30)

= ie
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cosd

Figure 4: The differential cross section of e"e™ — WTW ™ with definite helicity as a
function of azimuthal angle at s = (1000GeV)2.

2

m .
iM(epef — W(i)W(i)) 23 _ilgzﬁsm@ (31)
iM(ezef — W W(:F))

3 Cross section for du — W™y

gl W=
Y w—- 7 W=
b1 p2 P p2 ! Aﬁgf‘/\/
k k
! 2 k/’l k‘g kfl k2
_ d U d m
d u

Figure 5: The process di. — W™~ at tree level. All initial momenta go inward and all final
momenta go outward.

In this problem we compute the tree amplitude of du — W™+ at high energies so
that the quark masses can be ignored. In this case the left-handed and right-handed
spinors decouple and only the amplitudes with dpupg initial state do not vanish. To
calculate it, we firstly work out the kinematics as follows.

klz(E7OaO7E)a plz(p7p5in9507pcose)7
ko = (anaoa 7E)7 b2 = (EW; 7]781119,0, —pCos 9)7 (33)

where p = E —m3,/4E and Eyw = E+m3,/4E. The initial spinors of definite helicities
are given by

ur, (k1) = V2E(0,1,0,0)7, vr (ko) = V2E(1,0,0,0)7, (34)
while the polarization vectors for final photon and W~ read

€,(p1) = \%(0, —cos 6, +i, sin §), €1, (p2) = %(0 cos @, £i, — sin f),
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€ru(p2) = mw ——(p, Ew sin 6,0, Ey cos ). (35)

Then the amplitude is given by

iM(dpur = YW™) = \/—Z NT;%V - 3\1/%8 (_in + 2];@ )7 (36)
where
Ny = op(k2)[€*(p1) - € (p2) (P, — P,) + (01 + 2p2) - € (p1) ¢ (p2)
= (2p1+p2) - € (p2)¢" (1) ur (k) (37)
Ny = vp(k2)¢" (p2) (k1 — p)¢" (p1)ur (kr), (38)
Ny = vp(k2)¢" (p1)(Ky = po)¢" (p2)ur(kn). (39)

Now, using the physical conditions €*(p;) - p; = 0, fur(k1) = 0 and v (k2)f, = 0, we
can show that Ny, = N; — N,,. In fact,

Ny = vp(k2)[2€¢"(p1) - € (p2)p, + 2p2 - € (p1) ¢ (p2) — 2p1 - € (p2)¢” (p1)] ur (K1),
Ny = v (k2)[2k1 - exfy + 267 (p1) - € (p2)p, — ¢ ()¢ (p2)p, Jur (1),
Nu = vp(ka)[ — 2ka - ex¢y, + 2p1 - € (p2)¢ " (p1) — ¢*(p1)¢*(p2)p1]uL(k1)'

Then N; = N; — N, is manifest. Note further that s — m$, = — (¢ + u), we have

ie? Ny — Ny N, 2N,
M(dLuR—>'yW ) e ( L L )

V25 t+u _g—i_ 3u
ie? (2t — N, N,

ie M(_u_)
~ V2s, 3(t+u)

ie? N, N,

- 6\/§sw

One can see clearly from this expression that all helicity amplitudes vanish at cos = 1/3.

t U

(Note that the definition of scattering angle 6 is different from the one in Peskin &
Schroeder, which, in our notation, is 7 —6.) Then, by including all helicity combinations
(6 in total), we find the differential cross section, as a function of s and 6, to be

do 7T042(17COS9)2l‘3+181‘2+91‘+247(1’3714I2+9x78)C0829 (41)

dcos®  32s2 sin 6 36(s —m%,)

— 2
where = my3, /s.

4 Dependence of radiative corrections on the Higgs

boson mass

(a) We first analyze the radiative corrections to u decay process at 1-loop level with
the Higgs boson in the loop. It is easy to see that if the internal Higgs boson line is
attached to one of the external fermions, the resulted vertex will contribute a factor
of my/v which can be ignored. Therefore only the vacuum polarization diagrams are
relevant, and they should sum to a gauge invariant result.
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(b) Now we compute the vacuum polarization amplitudes of W+, Z° and photon
with Higgs contribution. We will only consider the pieces proportional to g"”, namely
Oww(¢?), Uzz(¢?), I1,,(¢?) and 11z, (¢?). It is easy to show that IL,,(¢?) and Iz z(¢?)
receive no contribution from Higgs boson at 1-loop level, while Iy (¢?) and Izz(¢?)
can be found by computing the following three diagrams:

h
L h
W+N\®Ww+
Z° z°

’/TO

Now we compute these three diagrams in turn for W+. The first diagram reads
d*k i —i
: 2 pv
g )" / (2m)F 2 = mf, (g — k) = mfy
. 1 d
b e e [, TR 9)
(4my2? " / C AT, )
: 2
i

1
M
2,2 _uv
— ——=g°m E+/ dz log ———
(477)29 wd [ 0 5 A(m%/Va 7?)

: (42)

where A(m¥,, ¢%) = am?, + (1 —2)m? —x(1 —x)¢?, E = 2/e — v +log4m —log M2, and
M? is the subtraction scale. The second one reads

o [ dk i —i , .
(ig/2) / (27‘()4 k2 — m}g (q . k)g — m%}V (Qk _p)l (2k _p)

:igw)/ d4k’ /ldx (4/d)k/2
4 @2m)* Jo (K2 = A(miy, ¢%))?
. 2 1
L g [ 4z 2A(mE, ) |E+1+1
~ @2 49 /O 2 28(my, ¢°) | B+ 1+ log 1

2 ) (43)

in which we have ignored terms proportional to ¢*¢". Then, the last diagram reads
1. L[ Ak i g* . [ d*k 1 q—k)? —m?
- (ig?/2)g" /—4ﬁ =—9" / 172 2 ( )2 7
2 (2m)* k2 —m3 4 2m) k2 —m3 (¢ — k)2 —m3,

9 W/ dk /1dxk'2+(1—x)2q2—m%,v
- (2m)* Jo (k"2 — A(miy, ¢%))

1 g
2

. 1

i

= — ()2 _g4 g‘“’/ dz [<2A(m%v, ) —mi + (1 — :c)2q2)E
0

2

+ <2A(m12/v, q2) - m%v +(1- x)2q2) log A(i

S+ Al (@

Thus we have, when the three diagrams above are taken into account only,

2

Mww(¢?) = 4(2—@2{— (3771?4/ + %f)E

1 2
M
—|—/ dz (A(m2 . ¢%) — [3m¥, + (1 — 2)%¢?] log 7)] (45)
0 v [ W A(m%ﬁh q2)
Now we extract Higgs mass contribution from this expression in the large Higgs limit, and
also fix the subtraction point at M? = m%,. In this limit we may take A(m3;,, ¢?) ~ xm%,

and log(M?/A) ~ —log(m3 /m3,). We also throw divergent terms with F, which should
be canceled out in the final expression of zeroth order natural relation after including
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completely loop diagrams with W, Z, and would-be Goldstone boson internal lines.
Then we have

I ( 2) _ 92 1 2 + (3 2 + 1 2)1 m}21 (46)
WWAL) = Yamyz |2 T \Pw g )08 a
Similarly, we have, for Iz (q?),
2 2
g L o, 2 19 mj
Hzz() = —3—— | = ( = ) log —& | 4
ZZ(q ) 4(47T)2C0829w |:2mh+ 3m2+ 3(] 0og m2Z ( 7)

(c) Now, we derive the zeroth order natural relation given in (21.134) of Peskin &
Schroeder, in the large Higgs mass limit. Note that II,, = IIz, = 0. Thus,

2 — sin2 2 — sin® 0, C0§2 29w ( HZZ(;RQZ) _ HWV;/(O) )
cos? 6, — sin” 0y, msy, miy,
a  1+9sin®6, m3
- log 22h 48
487 cos? 6, — sin? 6, & m, (48)
22 Uww(miy) | miy Hzz(my) _ ba mj (49)
L m?, m? m? 24w mi,

10
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In this final project we study some basics of the process ete™ — qg. We will focus
mainly on the radiative corrections from virtual and soft gluons.

(a) First we calculate the 1-loop vertex correction to M(ete™ — ¢g) from virtual
gluon. The amplitude is given by

i&kﬁz@ﬂ4@%4w%@w%ﬂ%ﬂé;

-~ A%k i, i —i
u(pl)[/( vl %Vk g (kpl)gurz}v(pz). (1)

Now we simplify the loop integral in the standard way, as was done in Problem 7.2. The

result is
. a'k 1-o L= p2 o1 —a) @+ y)e?) .
M= U o /' (b — &) Jist
T [ 292 gy, (L—2)(z+y)¢ a\];
- d/2 / / 4A2 a2 D e - D)Mo
1—x _ 2
2g dx y %—7+10g47r—10gA—2+ a x)(Ax—ky)q }i/\/lo7
(2)
where ]
iMo = Qr(—ie)*u(p1)y"v(p2) = v(k2)vuu(ky) (3)
is the tree amplitude, and
F=k—zq—ypr, A=-z(l—z—y)q®—y(l—yp+yp’ (4)
With the external legs amputated, the result is,
e yu’
i 1
M= / / [ B\ =2l - )q2)
(1-z)(z+y)g* .
gt —2(—z -y ©)

*E-mail: xianyuzhongzhi@gmail.com
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Then the cross section is given by

_ B 4o’
olete™ = qq) = 5 3|F1(q* = s)|%, (6)
with
I R yp? (1 —z)(x+y)s
Fi(q® = s) = Q2 fif d / dy |1 ( )
1(‘1 5) Qer 1t o z 0 y|loe y,ug—x(l—x—y)s er;ﬁ—x(l—:v—y)s

(7)

We will carry out the Feynman integration in (e).

(b) Now we simplify the 3-body phase space integral

A3y Bk d3ks
dll; = W (qg -k — ko —k
/ s / Om2E2ERE, 1Rk k) ()

in the center of mass frame. It is convenient to introduce a new set of variables x; =
2k; - q/q?, (i = 1,2,3). In the center-of-mass frame, x; = 2E;/E, Then one can show
that all Lorentz scalars involving final states only can be represented in terms of x; and
particles masses. In fact, we only need to check (k1 + k2)?, (ko + k3)? and (k3 + k1)
From instance,

(kl + k2)2 = (q — k3)2 = q2 + mg — 2(] . kg = S(l — 1'3) —l—m?), (9)
Similarly,
(]f2+]€3)2 :s(l—xl)—i—m%, (k3+k1)2 :S(l —x2)+m§. (10)

To simply the phase integral, we first integrate out k3 with spatial delta function that
restricts ks = k1 + ko:

/dH —/ ks (2m)6(E, — By — Ey — Es) (11)
37 | @n)02E2B,2E, 0\ e T LT B2 )

The integral measure can be rewritten as
d3k1d3ky = E2k2dEydEodQd s, (12)

where d€); is the spherical integral measure associated with d3k;, and dQ» is the
spherical integral of relative angles between k; and ks. The former spherical inte-
gral can be directly carried out and results in a factor 4w. To finish the integral with
dQ15 = d cos #12dp12, we make use of the remaining delta function, which can be rewrit-

ten as
E; B3 —k — k3 —p?
0(E, — FE1— Ey— E3) = 1) 012 — , 13
(Eq = By — By = Ba) = 10 <C°S 12 21k ) (13)
by means of E3 = \/k? + k% + 2k1 kg cos 6 + p2. Thus
8m2E
/dQldng §(Ey— By — By — B3) = 3
k1ko

Now using k1dk; = E1dE; and kodks = EodFEs, we have

dkidky k2k3  872E3 1 / 5 /
dlls = = dE1dEy; = —— [ dzidzs. 14
/ 3 / 8(27‘(‘)5E1E2E3 klk‘g 327‘(’3 ! 2 12871'3 1z ( )
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To determine the integral region for m; = mo = 0 and m3 = u, we note that there are
two extremal cases: ki and ks are parallel or antiparallel. In the former case, we have

E,=FEy+ B+ B3 = By + Eo + /(E1 + E2)2 + 12, (15)
which yields
2E,(Ey + Ey) = E2 — 112, (16)

while in the latter case,

Eq :E1+E2+ \/ (El 7E2)2+[JJ2, (17)
which gives
(Eq — 2B1)(By — 2Bp) = 1. (18)
These two boundary cases can be represented by x; variables as

2
xl—l—xg:l—%; (19)
2

(1—x1)(1—x2):%. (20)

The integral thus goes over the region bounded by these two curves.

(c) Now we calculate the differential cross section for the process eTe™ — qgg to lowest
order in o and ay. The amplitude is

M = Q1P T k)
k) [ e = [ e, 2

Then, the squared amplitude is

224

—Z| M|2 — 5 (=gvo) tr (’yﬂp1’yf’p2)
% tr [(,Yukliksvﬂ _ 7#;62_1%3’7”)%2
1 - s 1 p
% (mey —y mv )k1:|

_ 4Q?9264 (8p1 - p2) {4(761 ko) (ki - ko +q-ks)
352 ! (k1 + k3)? (k2 + k3)?

1 1
+ ((kl )t Ut k3)4)
X (2(k51 . kg)(kg . k‘3) — ,u2(k‘1 . k‘g)):| (22)

We have used the trick described on Page 261 of Peskin & Schroeder when getting
through the last equal sign. Now rewrite the quantities of final-state kinematics in
terms of x;, and set u — 0, we obtain

Q2 g%t — —
) fg e 2(1 — x3) 1—x 11—
- E 8 +
M[" = ( P1 pz){(lxl)(lxz) 11— L=

B 8Q§g et x? 4 3 (23)
- 3s (1—21)(1 —z2)’
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Thus the differential cross section, with 3 colors counted, reads

do 1
dzidzs lcom 2Ep12Ep2|vpl Up, | 1287T3( LM )
4ra? x? + 23
= 2 24
3s 3QF 5y (1—3[:1)(1—:52)’ (24)

where we have used the fact that the initial electron and positron are massless, which
implies that 2E,, = 2E,, = /s and |vp, — vp,| = 2 in the center-of-mass frame.

(d) Now we reevaluate the averaged squared amplitude, with p kept nonzero in (22).
The result is
Q2g2e*

T Z|M‘2 fg € Flar, 0, 1%)3), (25)
where
2y 2w tan— 14 A (14 £
F(xl,xsz) - 1 —20)(1 —22)
1 1 2
* [(1—x1)2 + (1_:,;2)2]((1—%1)(1—xz)—T). (26)

The cross section, then, can be got by integrating over dzidxs:

1 s
*e~ = qdg) = dard (iz 2)
olete” = qag) 2Ep12Ep2|up1—up2|1287r3/ nidez( 72 M|

2 t
4dra? le% -5 =50 2
= .30%. 79/ d / das F(z1, 29, £~
3s Qf 2 0 1 1 2 Z2 (131 T2, 75 )

-2

4 u?

2
_ o 1.2 2
= =30} o~ [lg —3log 45— 7+ Ou )]. (27)

(e) Tt is straightforward to finish the integration over Feynman parameters in (a),

yielding
Qo 2 2 7 1
2 _ f 9 2 M 14 9
Fl(q —S) Qf |:10g T+310g?+§_§ﬂ—
2
—im (2 log — + 7) + O(MQ)} : (28)
s
Then the cross section, to the order of oy, is given by
4 2
olete” = qq) = ga 3Qf{1—[log +310gL
7 1
vy -5 o0 (29)

(f) Combining the results in (d) and (e), we reach the final result:

olefe” = qq+qdg) =

-3Q2 {1 + 340;9] (30)

T
35
Note that all divergent terms as p — 0 cancel out in this expression. We also note that
the correct QCD correction should include an additional factor of 4/3 in the second term

in the square bracket, which comes from color indices summation.
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In this final project, we work out some properties of Coleman-Weinberg model,
illustrating some basic techniques of the renormalization group. The Coleman-Weinberg
model is simply a theory of scalar electrodynamics, described by the Lagrangian

L= L Fu P + (Do) (D) - m*6to — 3 (60)?, M)

with ¢ a complex scalar and D, ¢ = (9, +ieA,)o.

(a) Consider the case of spontaneous breaking of the U(1) gauge symmetry ¢(z) —
eia(x)(b(x), caused by a negative squared mass, namely m? = —u? < 0. The scalar then
acquires a nonzero vacuum expectation value (VEV) ¢ = 1/(|$|?). We split this VEV
out of the scalar field, namely

1 .
b=t 5 [o(2) +in(x)], (2)

with the new field o(z) and w(x) being real. At the tree level, it is easy to find ¢g =
/312 /\ by minimize the scalar potential V (¢) = —u2¢fp+ %(¢T¢)2. We also introduce
v = /2¢y for convenience. Then, rewrite the Lagrangian in terms of these new field
variables, we get

L=—2(Fu)+ 5(0,0)* + +(0.7)° + $e*v*A, 4" — L(2p°)0?
— 2(r* + ot + 2070”7 + dvno + dvo?) + ev A, O

+ eA,(c0'T — m0to) + S e* A, AM (7 + o® + 200). (3)

1
4
2

Then we see that the vector field A, acquires a mass, equal to m4 = ev at the classical
level.

(b) Now we calculate the 1-loop effective potential of the model. We know that 1-loop
correction of the effective Lagrangian is given by

2

i 1)
AL = %logdet {—

+ 4L, 4
5@@] =0 @

where ¢ is the fluctuating fields and 6L denotes counterterms.

*E-mail: xianyuzhongzhi@gmail.com
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Let the background value of the complex scalar be ¢. By the assumption of Poincaré
symmetry, ¢. must be a constant. For the same reason, the background value of the
vector field A, must vanish. In addition, we can set ¢ to be real without loss of
generality. Then we have

¢(x) = de1 + p1(x) +ipa(z),

where @i (z), @a(x), together with A,(x), now serve as fluctuating fields. Expanding
the Lagrangian around the background fields and keeping terms quadratic in fluctuating
fields only, we get

L=—LF, F"™ 4]0, +ied,)(¢a + @1 + i)’
— m?| o + @1 + i<P2’2 = 2|pa+ o1 + 1@2‘4
= 1A, [g“"(@2 +2e%¢3) — MO A, + o1 — 8% —m?— )\qbfl)gol
+ 22 (— 07 —m® — 36%) 02 — 2eha A0 ps + -+, (5)

“,

where “.--” denotes terms other than being quadratic in fluctuating fields. Now we

impose the Landau gauge condition 9, A" = 0 to the Lagrangian, which removes the
off-diagonal term —2e¢c1A,,0" 2. Then, according to (4), the 1-loop effective Lagrangian
can be evaluated as

i 2L i
1 & — |1 k(2 242 o Qv
5 logdet[ 590550}90_0 5 { ogdet (— " (8% + 2¢°¢%) + 9"9”)

+ log det (0° + m?® + \¢2) + log det (9° + m* + §\¢?1)]

i ddk 2 2,23\3
= 2/W|:tr log(fk +2€ (72501)

+ tr log(—k* +m? + \¢?) + tr log(—k* + m? + é\d’zl)}

_4a
— s [BRRER (AR 4 )]

In the second equality we use the following identity to evaluate the determinant: trick
to evaluate the determinant. Let A be a n x 1 matrix and B a 1 x n matrix, then

det(M + AB) = A" Y(\ + BA),

where A and B are matrices of n x 1 and 1 X n, respectively, A is an arbitrary complex
number and I is the n x n identity matrix. In our case, this gives

det (— 0 (9 + 2e2¢%) + 019") = —2e2¢% (0% + 26262,

Then the second equality follows up to an irrelevant constant term. The third equality
makes use of the trick of (11.72) in Peskin & Schroeder’s book. Then, for d = 4 — € and
€ — 0, we have

i 8L 1
5 logdet [_ 590590] oo Aam)? [3(2¢%62) (A — log(2¢%2)
+ (m® + Ap2)? (A — log(m® + Ag2))
+(m?+ 202)% (A~ log(m? + 303))],  (7)

[\
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where we define A = % — v+ logdnr + % for brevity.
Now, with M S scheme, we can determine the counterterms in (4) to be

o= 2yt logar — log M? (3(2¢262) + (m2 + Ag2)? + (m? + 3 62)?).
4(4m)? | €
(8)

where M is the renormalization scale. Now the effective potential follows directly from
(4), (7) and (8):
A 1 M? 3
2 42 4 2,212
] = i+ setgty? (1og 20 + 2)
fo[¢ 1] m ¢c1 + 6 ¢cl 4(471')2 |:3( e cl) og 262(]521 + 2

2

3 M? 3
2 242 -~ 2 A 42932 =
+ (m* 4+ Ao3) (logm2+>\¢gl+ 2)+(m + 5 02) <logm2+%¢gl+ 2)} 9)

() Now taking the mass parameter u? = —m? = 0, then the effective potential (9)

becomes
_ A 1 4.4 2e%¢% 3 10 12 4 Ay 3
Vel = 04+ gy | 12608 (1og 27— ) + 5t (w3 — 3)
)\ 4 3 4 41 262 2l 3
~ — (1 ). 1
6%t (4)2 (og M? 2) (10)

In the second line we use the fact that A is of the order e* to drop the A? term. Then
the minimal point of this effective potential can be easily worked out to be

,  M? 87r2/\)

o5 = gz OXP (1 ~ e (11)

As A ~ e, we see that ¢q is of the same order with M. Thus the effective potential
remains valid at this level of perturbation theory.

(d) We plot the effective potential as a function of ¢ in Figure (1). The purple curve
with m? = 5 x 107" M? corresponds the case with no spontaneous symmetry breaking.
The blue curve shows that as m? goes to 0 from above, new local minima is formed.
Finally, the orange and red curves correspond to broken symmetry, and in the case of
the orange curve with m? = 0, the symmetry is dynamically broken.

(e) Now we calculate 8 functions of the Coleman-Weinberg model to 1-loop level at
high energies, where we can send the mass parameter m? to zero. It is convenient to
work in the Feynman gauge £ = 1. Then the relevant Feynman rules can be read from
the Lagrangian (3) to be:

i i =i
=, memmmm——a = — AN =
k2’ k2’ k2 7
N
’
N L \/
N .
, iA
AN .
Y 3 — A, \ —
VA 00N 3
’ N , N
’ N , N
N N
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Figure 1: The effective potential Veg as a function of ¢, with different values of
m2/M? =5x1077,2.4x 1077, 0 and —1 x 10~7 from top to bottom, respectively.

N
d
\\ ’/
N
. ’ .
= 2ie?pH, > = 2iennv =e(k1 — ko)¥
\\
~N
N

We first find the 1-loop wave function renormalization. For o field, there is only one

diagram with nonzero contribution,

p—k
.
p
N
which reads,
d% i —i 2ie?p? 2
2
e / (27T)d ﬁ (p — k)g (p + k)ll«(_p - k)'u ~ = (47T)2 ? (12)
Then we have )
2e 2 9
%0 = a2 (o). (13)

and it is straightforward to see that 0, = d,. For photon’s wave function renormalization
(vacuum polarization), we need to evaluate the following three diagrams,

The sum of the three diagrams is

e A%k i _ _ Lo i
/ @i (p R R PR Rl 252 / @ iE (k)
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2

~ —

ie 2
3(47‘(‘)2 ?(p277;w 7p,LLpD)7 (14)

which gives
2

e 2
fam s O (2 ogar?). 15
A 3(4m)2 \e 0g (15)

Then we turn to the 1-loop corrections to couplings. For scalar self-coupling A\, we
consider the 1-loop corrections to o term in the Lagrangian. There are six types of

diagrams contributing, listed as follows:

98B Q@ =

For each type there are several different permutations of internal lines giving identical
result, or more concretely, 3 permutations for each of the first three types, and 6 per-
mutations for each of the last three types. Now we evaluate them in turn. We set all
external momenta to zero to simplify the calculation. Then,

Sy ]
= BE [ () et ~ e 2, (18)
e s
@ = @)t [ S () iy - 22, 20

4
0= [ S (o) () e 2, 2

Then multiplying (a)~(c) by 3 and (d)~(f) by 6, we find

5A2/3 — 2Xe? + 18¢* 2

Finally we consider the 1-loop corrections to e. For this purpose we calculate 1-loop
diagrams with three external lines with 1 A,, 1 0 and 1 7 respectively, shown as follows.

~
\
7’ ! N
, s // ~
~ S N
~ ~ N ~
N ~ AN N

Now we calculate them in turn.

0= [ o () - w2y

p—k
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Figure 2: The renormalization group flow of Coleman-Weinberg model.

= ie3

/

(2m)

adr’ —a)p — KP[K — (1 — z)p)*

K2+ 2(1—2)pF

/1 e 42[(2

N ieg/ dk’ /1 A —k2(1 — x)pt — 22— x)(p- KK
(2m)? Jo (k2 + x(1 — 2)p?]?
= 163/ ddk/ /1 dz [_(1 _ (E) _ %(2 _ :E)]kIQPM
(2m)? Jo (k2 + x(1 — z)p?]?
2e® 2
~ (ar)? ?pu’ (23)
—iA d?% i\2
0 =(7) [ Goal) 2 =0 20
A9k i —i 3e3 2
= = e(2ie? — B iy
(©) = (@) = e(2ie?) [ S o (4 1)~ i = (25)
Summing the four diagrams, we find that
2e3 /2
6ezw(?710gM2). (26)
Now we are ready to calculate § functions:
0 1 el
Bo= M (= 0ot 5 (0a+ 05 +80)) = 2, (27)
0 522 — 18)e? + Hdet
5A:M6—M(—5A+25g) = 512 . (28)

The trajectory of renormalization group flows generated from these [ functions are

shown in Figure 2.

(f) The effective potential obtained in (c) is not a solution to the renormalization

group equation, since it is only a first order result in perturbation expansion. However,

it is possible to find an effective potential as a solution to the RG equation, with the

result in (c) serving as a sort of “initial condition”. The effective potential obtained in

this way is said to be RG improved.
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The Callan-Symansik equation for the effective potential reads

0 0 0 0
<MW+B)\8)\+5686 ’)’gbd)cl%)‘/cff(gbch)\aevM) =0. (29)

The solution to this equation is well known, that is, the dependence of the sliding energy
scale M is described totally by running parameters,

‘/eff(qSCh )‘7 €] M) = ‘/EH(Q_SCI(MI)v S‘(Ml)a é(M,)7 MI)7 (30)
where barred quantities satisfy
Mai)\Zﬁ)\(j\vé% Mﬁ :Be(j\ué)a ng]i}l

oM oM
The RG-improved effective potential should be such that when expanded in terms of

= _'W?(j" é)q@cl (31)

coupling constants A and e, it will recover the result in (c) at the given order. For
simplicity here we work under the assumption that A ~ e?, so that all terms of higher
orders of coupling constants than A and e* can be ignored. In this case, the perturbative
calculation in (¢) gives

3etod 2e%p? 3
oL (] d-2). 32
(4m)? ( M? 2 (32)

Now we claim that the RG-improved edition of this result reads

A
Ve = gqb‘é +

Aoy 389 23
‘/ef'f - €¢cl + (471_)2 (10g2€ - 7) (33)

To see this, we firstly solve the renormalization group equations (31),

MM = 64(6); + % log Aé), (34)
YR e?

M) == (e2/2472) log(M' /M)’ (35)
_ 7\ 2e?/(4m)?
pa(M') = ¢e1( ]\]\44 ) ; (36)

where the unbarred quantities A, e and ¢ are evaluated at scale M. Now we substitute
these results back into the RG-improved effective potential (33) and expand in terms of
coupling constants. Then it is straightforward to see that the result recovers (32). To
see the spontaneous symmetry breaking still occurs, we note that the running coupling
A(M’) flows to negative value rapidly for small M’ = ¢, while &(M’) changes mildly
along the ¢ scale, as can be seen directly from Figure 2. Therefore the the coefficient
before ¢4, is negative for small ¢, and positive for large ¢.;. As a consequence, the
minimum of this effective potential should be away from ¢, = 0, namely the U(1)
symmetry is spontaneously broken.

To find the scalar mass m, in this case (with u = 0), we calculate the second deriva-
tive of the effective potential Veg with respect to ¢.. Since the renormalization scale
M can be arbitrarily chosen, we set it to be M? = 2¢%( §1> to simplify the calculation.
Then the vanishing of the first derivative of Vog at ¢ = (¢a) implies that A = 9e* /872,
Insert this back to Veg in (32), we find that

3¢ty a 1
Veg = 1672 <log< 23 — 2). (37)

cl
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Figure 3: The renormalization group flows of Coleman-Weinberg model in d = 4 — ¢
spacetime dimensions, with ¢ = 0.005, 0.01, 0.1 and 1 in the upper-left, upper-right,
lower-left and lower-right diagram, respectively.

Then, taking the second derivative of this expression with respect to ¢., we get the
scalar mass m2 = 3e*(¢?)/2m? = 3ev? /472, Recall that the gauge boson’s mass m 4 is
given by ma = e?v? at the leading order, thus we conclude that m2/m? = 3e?/4n? at

the leading order in e?.

(h) When the spacetime dimension is shifted from 4 as d = 4 — ¢, the § functions S,
and () are also shifted to be

e3 522 — 18)\e? + Hdet

e — — —, = — )\
fe=—cet+ g Br=—ed+ 942

(38)

We plot the corresponding RG flow diagrams for several choice of € in Figure 3, where
we also extrapolate the result to e = 1.
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In this final project, we calculate partial widths of various decay channels of the
standard model Higgs boson. Although a standard-model-Higgs-like boson has been
found at the LHC with mass around 125GeV, it is still instructive to treat the mass of
the Higgs boson as a free parameter in the following calculation.

The main decay modes of Higgs boson include h® — ff with f the standard model
fermions, h° — WHW—, h® — Z92° h® — gg and h® — 5. The former three
processes appear at the tree level, while the leading order contributions to the latter two
processes are at one-loop level. We will work out the decay widths of these processes in
the following.

In this problem we only consider the two-body final states. The calculation of decay
width needs the integral over the phase space of the two-body final states. By momentum
conservation and rotational symmetry, we can always parameterize the momenta of two
final particles in CM frame to be p; = (E,0,0,p) and ps = (E,0,0, —p), where E = %mh
by energy conservation. Then the amplitude M will have no angular dependence. Then
the phase space integral reads

L p
[anaime = -2, 1)

mp

Then the decay width is given by

F:ﬁ/dﬂg |M|2=8i7rm%w|2. @)

In part (d) of this problem, we will also be dealing with the production of the Higgs
boson from two-gluon initial state, thus we also write down the formula here for the
cross section of the one-body final state from two identical initial particle. This time,
the two ingoing particles have momenta k; = (E,0,0,k) and ke = (E,0,0, —k), with
E? = k? + m? and 2F = my where m; and my are masses of initial particles and final
particle, respectively. The final particle has momentum p = (my,0,0,0). Then, the
cross section is given by

o 1 d3p 1 2 4 (4)
o= 2_55/(27)3E|M| (2m)*6" (p — k1 — ko)

*E-mail: xianyuzhongzhi@gmail.com
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_ 1
N dmyBs

™
2
ﬁmf

where 8 = /1 — (4m;/my)? is the magnitude of the velocity of the initial particle in

the center-of-mass frame.

IMP(2m)5(2k —my) =

IM[*3(s —m3F), (3)

(a) The easiest calculation of above processes is h® — ff, where f represents all
quarks and charged leptons. The tree level contribution to this process involves a single
Yukawa vertex only. The corresponding amplitude is given by

— 2 (pr Yo(p). (4)

iM(RY — ff) =

Then it is straightforward to get the squared amplitude with final spins summed to be

2

2m
L(m} —am?).  (5)

ST IME = PR = —L b [, +mp)(p, — my)] =

In CM frame, the final states momenta can be taken to be p; = (F,0,0,p) and ps =
(E,0,0,—p), with E = %mh and p? = E? — m?c. Then the decay width is given by

02

- 1 p mum; 4m3 3/2
NG = —|M]?= 1-— . 6
(10 = 1) = gr i = St (1 = (6)

This expression can be expressed in terms of the fine structure constant «, the mass of
W boson m,, and Weinberg angle sin 8,,, as

2 2\ 3/2

0 a amp, My 4mf

P = 1f) = 8sin? 0, Mm%, (1 B m3 > ’ (7)
w

(b) Next we consider the decay of h° to massive vector bosons WHW~ and Z°Z°.
The amplitude for the process h® — WHW ~ is given by

: 0 + — igHDQQU * *

MR > WTW™) = Teu(pl)ey(pg). (8)

Then the squared amplitude with final polarizations summed reads

Z M2 = g'v? _ PuuPuv o DaDh
=72 Guv m g 2

w myy
_ '71'204 mfl (1 4m§,v 12771%‘,)' (9)
sin® 6, myy, my my

Therefore the decay width is

3
amy,

F(ho — W+W7) = %TZ_%JMF = m(l - 47’1;/1 + ].27";/2)(1 — 4TV_V1)1/2’
(10)
where we have defined Ty = (my,/mw)? for brevity. For h® — Z°Z° process, it can be
easily checked that nothing gets changed in the calculation except that all my, should be
replaced with my, while an additional factor 1/2 is needed to account for the identical
particles in final state. Therefore we have
DO - 202%) = —

_ L B
= W(1_4TZI+12TZ )1 — 47,912, (11)

where 77 = (my/mz)?.



Notes by Zhong-Zhi Xianyu Solution to P&S, Final Project III (draft version)

(c) Now we come to the process h® — gg. The leading order contribution comes from
diagrams with one quark loop.

The amplitude reads

T (igy)2€" (pr)es (pa) tr (£°1°)

<f é;()ld {(”“ {W —imqVVsI +:¢:— my f —f’j‘ mq]

L e e e | A

The first trace in the integrand can be simplified through standard procedure,

iM(h" — gg) =

" {7 g_mq7 ¢+p2_mqg_p1_m‘j
_ —itr [(g-l—mq)(g]‘f'}/jg_mq)(ﬁ_%_mqﬂ

(2 - m2)[(q+p2)2 —m2][(q — p1)? — m2]
1—x NMV
= 721/ d:c/ YN (13)
where
4 = Qu — TP+ YD2ps (14)

A= mi —2(1 —2)p? —y(1 —y)p2 — 2xyp; - p2 = mg — xym3,
N = dmq(p{p5 — pips + 205¢" — 20 q" + 4¢"q” + (m2 —p1 - p2 — ™) (15)

Then we can reexpress N* in terms of ¢/, p; and ps and drop off all terms linear
in ¢ which integrates to zero. It is most easy to work with definite helicity states for
final gluons. Then the result gets simplified if we dot N#¥ with polarization vectors
as N*e *(pl) *(pg) Note that e*( ) p; = 0 with 4,7 = 1,2. Note also the on-shell
condition p? = p3 =0, p;-p2 = 2 mh then

N™ e (p1)e, (p2) = 4my [mg + (wy — 5)mp + (5 — l)q’Q}e*(pl) - €*(p2). (16)

The same calculation shows that the second trace in the integrand of (12) gives identical
result with the first trace. To check the gauge invariance of this result, one can simply
replace EZ(pl) with p;, in the expression above, then it is straightforward to find that
N"pi,es(p2) = 0. Similarly, it can also be checked that N#”e, (p1 )par = 0.

Then the amplitude (12) now reads

M gg) = =2 [y [ [ S RGIEE )
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where the relation tr (t¢%) = %5‘”’ in fundamental representation is also used. The
momentum integration is finite as d — 4 under dimensional regularization, and can now

be carried out directly to be

2ig?m? ! = (1 — day)m?
: hO — s q 5ab * L ¥ / d / d h
IM(h™ = g9) amrw 0 (p1) - € (p2) L) Y e

: 2
__ daamf o

€*(p1) - € (p2) L5 (7q), (18)

6mv

where 7, = (mp,/mg)?, and

1 1—x 174
I4(7,) 53/ dx/ dy — 4
0 0

1—zyry,

Note that the inner product between two polarization vectors is nonzero only for €} - €*
and € -€% . Therefore the squared amplitude with final states polarizations, color indices
summed (593, = 8) is,

4

4a’m
IM(R® = gg)|* = [My4—(h® = gg)|* + IM_(h° = gg)|* = gﬁgvgh [I5 (1), (19)

and the decay width is

2

= I (7)?, (20)
m2, 972 i\

amp, ) m%b «

r0 =09 = (5es,

where an additional factor 1/2 should be included in (2) when calculating T'(h°® —
gg) because the two gluons in final states are identical particles. This result is easily
generalized for N, copies of quarks to be

2 2
0 amp, my o
T(h° — gg) = (78%29 ) =1 ‘} Iy(ry)
w
q

g (21)

(d) Now we calculate the cross section for the Higgs production via gluon fusion at the

leading order. The amplitude is simply given by the result in (c), namely (18). When

we take the square of this amplitude, an additional factor (% . %)2 should be included,

to average over helicities and color indices of initial gluons. Then, comparing (3) with

(2), we find that
2

o(gg — h’) = ——68(8 — m)T'(h° — gg), (22)

Smh

where the hatted variable § is the parton level center-of-mass energy. We note again

that the correct formula is obtained by including an factor of (& - 4)% in o(gg — h°)
to average over the initial degrees of freedom of two gluons, and an factor of 1/2 in
I'(hY — gg) to count the identical particles in the final state. Then, from (21), it is

straightforward to find

2 2
0 aa? m;
ol99 = 1) = ST e, w2,

| 1) 65— md). (23)

Then the proton-level cross section of Higgs boson production via gluon-gluon fusion is
given by

ocar (p(P)p(Ps) — hY)
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=/ dx1/ dzy fo(x1) fo(2)o (9(x1Pr)g(w2Py) — h°)
0 0

- / dMQdY‘ ey, z)

8(M2, Y) fg(ﬂh)fg(Iz)U(g(:E1P1)g(x2P2) — ho)

/dMQdY Tz fe(@)wafo(w2)o o(g(z1Pr1)g(xaP2) — h°), (24)

where M? = x1x9s is the center-of-mass energy of two initial gluons, while s is the
center-of-mass energy of two initial protons, and Y, given by expY = /x1/xzo, is
the rapidity of the produced Higgs boson relative to the center-of-mass frame of the
proton system. (Note that in our case M? = m%) The relations between M?, Y and
the momentum fractions 1, z2 can be inverted to give 1 = (M/y/s)e¥ and zo =
(M/\/s)e=Y. Furthermore, f, is the parton distribution function of the gluon in a
proton, which we will take to be f, = 8(1 — z)7/x in the following calculations. Then
the cross section can be evaluated to be

ocar(p (P1) (P2) — h?)

Y 7
= 795111 7 m fo Tq ‘ /0 dY heY> (1— 7\7;}516_3,) , (25)

where Yy, given by coshYy = +/s/2my, is the largest possible rapidity of a produced
Higgs boson. We plot this cross section as a function of the center-of-mass energy /s of
the pp pair, with the Higgs boson’s mass taken to be my = 30GeV and m; = 125GeV,
respectively, in Figure

50 T T T T T

N
o
T

=
o
T

my=125 GeV

Cross Section/pb
a1

1 2 5 10 20 50
Vs /Gev

(e) Next we consider the process h® — 2v. The contribution to this decay channel at
the leading (1-loop) level is from two types of diagrams, one with a fermion loop and
the other with a W boson (and related would-be Goldstone boson) loop. The former
contribution is easy to find by virtue of the result in (c) for k% — gg. The calculation
here is in fully parallel, except that we should include the factor for the electric charges
of internal fermions @) ¢, take away the color factor tr (t2t%), change the strong coupling
gs by the electromagnetic coupling e, and sum over all charged fermions. Note that the

color factor enters the expression of the decay width as |tr (t%¢")[? = 1490209 = 2,
then it is straightforward to write down the fermion contribution to the R — 2+ to be
2 2 2
. amp, m o 9
M(R® = 2 =(7>—h—é‘§ N:(f)I , 26
M i 8sin? 0, m2, 18n2 7 Qf (M (7s) (26)
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where N.(f) is the color factor, equal to 3 for quarks and 1 for charged leptouns.

(f) Now we come to the W-loop contributions to h® — 2. In Feynman-'t Hooft
gauge, we should also include the corresponding Goldstone loop diagrams. Then there
are 13 diagrams in total. We compute them as follows,

() (b)

. a ]- lg O’g2v : v lea vo o,V * *
iM® = 5’376162)(277“ N7 — 00’7 — 0ty e, (p1)e;, (p2)

x/d;qu (¢)Dw (k — q)
ama P (@ Dw (k=g
2i  e*md,

= - WTG (p1) : 6*(p2)(d - 1)F(2 - %)

1
dz
2
R o

d
MO %(_ziAu)(meQ)e*(pl) -6*(1?2)/(;7;{1
2

: 2
i e‘m;y

- _ WTE (p1) - € (p2)L'(2 — £)

Ds(q)Ds(k —q)

1 dz
. 28
Xﬂ[ma—mu—@mﬂ%WQ .

()

) ) ig?sinf,, ig?vsinf, |, .
iMO = im@ = R ? 5 e(pl)-E(m)/

d%q

(%)st(q)Dw(pz —q)
2,2 1

LMW ) (po)T(2 — %)W-

@miz (29)
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()
-
\\‘ s
(m)

ﬁDW(qu(q — p1)Dw (g + ps)

2
: e 1g-v . * *
MO = (e e ()6l o) |
x [P (2q — p)* + 7 (2p1 — )™ — ™ (p1 + ¢)"]
X [15(2q + p2)” — 15 (g — p2)” — 0" (2p2 + @)x]
i e?m? o 5—x —y+4xy)m?
= ) € ()| [ ! )

(4m)d/2 v m¥, — xym3

d

+6(d1)1“(2%)/( dxdyz _ } (30)

2 _ 2-d/2
my, — xym;) /

dd

MO = (<2000) (06 ()5 p2) [ 5 (20— 1) Ca o)

x Dys(q)Ds(q — p1)Ds(q + p2)
i e*m? &

- ) are—4) [ -

2dxdy
m, — xym3 )2-4/2’

(31)

im? ¢
M =(= )66 005 02) [ eVl - pe

X Ds(q)Ds(q — p1)Ds(q + p2)
i e mW o

2 x
T ) ) [ e @)

1g g“)‘g vsin 6, DN e . ddq -
AR i) e p2) [ gt ta =i —B)
X [Mox(2q + p2)” — nX(q — p2)o — 14 (2p2 + q)a]

X Dw (q)Ds(q — p1)Dw (q + p2)

i e?mi, (1—2)(1+y)m?
- e* dzd ’

(4m)diz v (p1) - € (pz){/ Tdy m, — zym?
dzdy ]

m, — xym3)2-4/2

iM® = ipm®

1
- gla-nre-4) [

. 2 . 2 . 2
ig“v /ig°vsinf . «
() )€ ()

d
X /éTt)des(q)Dw(q —p1)Dw (q + p2)

iMO) =
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i e*miy, e

2m?
= ——" dedy——Y 34
e )€ (o) [y (34)

ig ig?vsinf,

imE&) — 5D =
iM iM > 5

(—ie)e,, (p1)e (p2)

dd
X / —qd(pl +2p2 + q)"(2q + p2)" Ds(q9) Dw (¢ — p1)Ds(q + p2)

(2m)
_ i emy g dady
= G ) € P2 - ) / e (69)
. ) .2 . Gw 2 i} .
iMm) = (,m,,)<w) *(p1) - € (p2)
dq
X/WDW(Q)DS(Q—M)DS((Jerg)
i eQm}QL * m%v
T (dm)d2 (p1) - € (pg)/dxdym. (36)

The results can be summarized as,

: 2
i emW*

M = L
M @maz v

(1) €(p2)[A-T@=4)+B], (X=a,b--,m) (37)

with the coefficients A and B for each diagram listed in Table.

Diagrams A B
(a) —2(d—1)Jy 0
(©)+() | —2(mfy)?>2 0
(e) 6(d—1)J2 Js
(8) —Jz 0
(h)+(i) —(d—=1)Jy 2Jy
§)) 0 2(mW/mh)2J5
(k)+(1) 2Jo 0
(m) 0 Js
(b) —(m;l/mW)QJl 0
(f) 2(mh/mw)2J2 0

where

1
1
Ji=1] d
' /0 x[m%v —2(1 — z)mj|?~4/2
1
11— [ datog (miy — a1 —amt) + O(E) (38)
1 1—x 1
Jg :/ dx/ dy
0 0 (m%/v - mym%)Q_d/Q
1 1 1—x
=5~ % 0 dz ; dy log (mW - mymh) +0(e?), (39)
1 —x
Cr—y4d
Jo= [ dx [ a8yt dey)mi, (40)
0 0 my, — xymj,
1 1—x
1 — 1
= [l [Ta “ Cym; (41)
0 0 — aymj,
1 1—x
— [ a : 42
o= e [ )
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To see that the divergences of all diagrams cancel among themselves, it just needs to
show that sum of all A-coefficients is of order e. This is straightforward by noting that
Ji =14+ 0(e) and J; = 1/2 4+ Ofe).

Before reaching the complete result, let us first find out the W-loop contribution in
the limit m% < m3,, although it seems unlikely to be true within our current knowledge.
To find the amplitude in this limit, we expand the five integrals Ji,- - -
mp/mw,

,J5 in terms of

m2 1 € e m?

Ji~1- S —h Jo~ = — Slogm?, + < M

! 7 logmiy + 35 2y TR T R
7 m? 11 m? 1 m? 1/ m?
J3 o~ ——h Jy o~ ——h Js o ——h —(—})
T3 me, YT m, "= omz, Ta\ne,

Then the amplitude can be recast into

2 2
iM = 1(64:;”’ (1) - € (p2) {c(% e 10g47r) +D-logm% + E+F- ﬂT—QVhV} (43)
Diagrams C D E F
(a) —6 3 4 -1
(c)+(d) -2 1 0 0
(e) 9 -9/2 —6 | 37/12
(g) -1/2 1/4 0 | —1/24
(h)+(i) —3/2 3/4 1 | 19/24
() 0 0 1| 1/12
(k)+(1) 1 -1/2 0 1/12
(m) 0 0 0 1/2
(b) —(mp/mw)? | (mp/mw)?/2 | 0 0
(f) (mn/mw)? | —(mp/mw)?/2 | 0 0
sum 0 0 0 7/2
Therefore, the amplitude in the limit m? < m%,v is given by
MO0 = 2y =2+ 20 () e (), (44)

where the factor 2 counts the identical contributions from the diagrams with two final
photons changed. Now we sum up the fermion-loop contribution found in (e) and the
result here to get the h® — 2y amplitude in the light Higgs limit,

‘2
S, lamg
M= o {ZQfN et et (15)
Then the corresponding partial width is given by
T(h0 — 27) = (ﬂ) mh ZQ N( A (46)
8sin6,,/ m2 18772 f 4|

Now we retain mp as a free variable. Then the various diagrams sum into the

following full expression for the W-loop contribution to h® — 27,

iam? 7
2mv

iIM(hY — 29)y = € (p1) - € (p2)Iw (Tw ), (47)
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where the factor Iy (w ), as a function of Ty = (mp/mw)?, is given by

Iy (tw) = 1 {GII(TW) = 8L(tw) + mw (ILi(tw) — L(tw)) + Is(tw) |,  (48)

™
where
1
Li(tw) E/ dzx log [1 —z(l— :L')Tw}, (49)
0
1 1—x
L(tw) = 2/ d:c/ dy log (1 — :EyTW), (50)
0 0
1 1—x
8—3 4
13(TW)E/ dx/ ay B3y + Ay (51)
0 0 1 —zymw

Then the full expression for the partial width of h® — 27 at one-loop is

2

2 2
(00 =20 = (3325) o | S SN0 ~wiow] 6
w w f

(h) Collecting all results above (expect the v+ channel, which is quite small*), we plot
the total width and decay branching fractions of the Higgs boson in Figures 1 and 2,

respectively.

Total Width/GeV
o
-

0.001¢ 1

10—4 PR [ S S R [N S SR SR SR R S S S S S S S S |
100 200 300 400 500
m,/GeV

Figure 1: The total width of the Higgs boson as a function of its mass.

*— but very important!

10
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Figure 2: The Higgs decay branching fractions of tf, bb, cé, Hr—, WW, ZZ and gg

channels, as functions of Higgs mass.
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